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❆❜str❛❝t
❑❛♥t♦r♦✈✐t❝❤✬s t❤❡♦r❡♠ ❣✐✈❡s s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ◆❡✇t♦♥✬s ♠❡t❤♦❞✳ ❲❡ ♣r❡s❡♥t
❛ ❢✉❧❧ ❢♦r♠❛❧✐③❛t✐♦♥ ♦❢ t❤✐s t❤❡♦r❡♠ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ r❡❛❧ ❢✉♥❝t✐♦♥✳ ❚❤❡ ✇♦r❦ ✐s ❛❝❝♦♠♣❧✐s❤❡❞ ✐♥s✐❞❡ t❤❡ ❈♦q
♣r♦♦❢ ❛ss✐st❛♥t ❛♥❞ ✐t ✐s ❜❛s❡❞ ♦♥ t❤❡ Reals ❧✐❜r❛r② ♣r♦✈✐❞❡❞ ❜② t❤❡ t❤❡♦r❡♠ ♣r♦✈❡r✳ ❋♦r t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ♦❢
t❤❡ t❤❡♦r❡♠ ✇❡ ✜rst ❞❡s❝r✐❜❡ ❛ ✇❛② t♦ r❡♣r❡s❡♥t ❝♦♥❝❡♣ts ❢r♦♠ ♠✉❧t✐✈❛r✐❛t❡ ❛♥❛❧②s✐s✱ ❛s ❈♦q ❞♦❡s ♥♦t ♦✛❡r
s✉❝❤ ❛ ❧✐❜r❛r②✳ ❲❡ t❤❡♥ ❞✐s❝✉ss t❤❡ ♣r♦♦❢ ♦❢ ❑❛♥t♦r♦✈✐t❝❤✬s t❤❡♦r❡♠ ❜❛s❡❞ ♦♥ t❤✐s r❡♣r❡s❡♥t❛t✐♦♥✳
✶✳ ■♥tr♦❞✉❝t✐♦♥
❚❤❡ ♠❛✐♥ ♣✉r♣♦s❡ ♦❢ ❢♦r♠❛❧ ♠❡t❤♦❞s ✐s t♦ ❣✉❛r❛♥t❡❡ t❤❛t s♦❢t✇❛r❡ s❛t✐s✜❡s ✐ts ❢♦r♠❛❧ s♣❡❝✐✜❝❛t✐♦♥✳
❲❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ❡①t❡♥❞✐♥❣ s✉❝❤ t❡❝❤♥✐q✉❡s t♦ ❛r❡❛s ♦❢ ❝♦♠♣✉t❡r s❝✐❡♥❝❡ t❤❛t r❡❧② ♦♥ ♥✉♠❡r✐❝❛❧
♠❡t❤♦❞s✳ ❚❤✐s ✐s ♦❢ ✐♥t❡r❡st ❜❡❝❛✉s❡ ♦❢ t❤❡ s❛❢❡t② ❝r✐t✐❝❛❧ ❞♦♠❛✐♥s t❤❛t r❡❧② ♦♥ t❤❡s❡ ♠❡t❤♦❞s ❧✐❦❡
♦♥✲❜♦❛r❞ s♦❢t✇❛r❡ ❢♦r ♣❧❛♥❡s✱ tr❛✐♥s✱ r❡❛❧ t✐♠❡ ♣r♦❣r❛♠s ✉s❡❞ ✐♥ ♠❡❞✐❝✐♥❡ ❡t❝✳ ❋♦r♠❛❧ ✈❡r✐✜❝❛t✐♦♥s ♦❢
♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❛r❡ r❛r❡✳ ❲❡ ❝❛♥ ♠❡♥t✐♦♥ t❤❡ ✇♦r❦ ♦❢ ▼✐❝❛❡❧❛ ▼❛②❡r♦ ❬✶✾❪ ✐♥ ✇❤✐❝❤ r❡❛❧ ❛♥❛❧②s✐s
❝♦♥❝❡♣ts ❛r❡ ❢♦r♠❛❧✐③❡❞ ✐♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❡ ❝♦rr❡❝t♥❡ss ♦❢ ❛ ❞✐✛❡r❡♥t✐❛t✐♦♥ ❛❧❣♦r✐t❤♠✳
❆t ❛ s❧✐❣❤t❧② ❞✐✛❡r❡♥t ❧❡✈❡❧✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ❤❛✈✐♥❣ ♠❛t❤❡♠❛t✐❝❛❧ ❝♦♥❝❡♣ts ❢♦r♠❛❧✐③❡❞ ✐♥s✐❞❡
♣r♦♦❢ ❛ss✐st❛♥ts✳ ■♥ t❤❡ ❧♦♥❣ r✉♥✱ t❤❡ ❛✐♠ ✇♦✉❧❞ ❜❡ t♦ ✉s❡ t❤❡♠ ❢♦r ❡①t❡♥s✐✈❡ ♠❛t❤❡♠❛t✐❝❛❧
❞❡✈❡❧♦♣♠❡♥ts✳ ❆t ♣r❡s❡♥t✱ ❝♦♠♣✉t❡r ❛❧❣❡❜r❛ s②st❡♠s ❧✐❦❡ ▼❛♣❧❡ ♦r ▼❛t❧❛❜ ❛r❡ ♠♦r❡ ✇✐❞❡❧② ✉s❡❞
t❤❛♥ ♣r♦♦❢ ❛ss✐st❛♥ts✱ ❢♦r r❡♣r❡s❡♥t✐♥❣ ♠❛t❤❡♠❛t✐❝❛❧ ❝♦♥❝❡♣ts ♦♥ ♠❛❝❤✐♥❡s✳ ❍♦✇❡✈❡r t❤❡r❡ ❛r❡ ❝❛s❡s
✇❤❡r❡ t❤❡ ❧❡✈❡❧ ♦❢ ❛❝❝✉r❛❝② ♣r♦✈✐❞❡❞ ❜② t❤❡s❡ s②st❡♠s ✐s ♥♦t s✉✣❝✐❡♥t ❛♥❞ ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ❤❛✈❡ ❛
❝❡rt✐✜❝❛t✐♦♥ t❤❛t t❤❡ ❝♦♠♣✉t❛t✐♦♥ ✐s ✐♥❞❡❡❞ ❝♦rr❡❝t ❬✶✻✱ ✺❪✳
■♥ t❤✐s ❝♦♥t❡①t✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ◆❡✇t♦♥✬s ♣r♦❝❡ss✱ ✇❤✐❝❤ ❛♣♣r♦①✐♠❛t❡s t❤❡ r♦♦t ♦❢ ❛ ❣✐✈❡♥
❢✉♥❝t✐♦♥✳ ❑❛♥t♦r♦✈✐t❝❤✬s t❤❡♦r❡♠ ❣✐✈❡s s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤✐s ♣r♦❝❡ss✳
❆ ❢♦r♠❛❧ ✈❡r✐✜❝❛t✐♦♥ ♦❢ s✉❝❤ ❛ t❤❡♦r❡♠ ✐s ♦❢ ✐♥t❡r❡st ❢♦r ❝♦♠♣✉t❡r s❝✐❡♥t✐sts ✇❤♦ ✉s❡ ♥✉♠❡r✐❝❛❧
♠❡t❤♦❞s ✐♥ t❤❡✐r ❞❡✈❡❧♦♣♠❡♥ts✳ ◆❡✇t♦♥✬s ♠❡t❤♦❞ ✐s ✇✐❞❡❧② ✉s❡❞ ❜❡❝❛✉s❡ ♦❢ ✐ts q✉❛❞r❛t✐❝ ❝♦♥✈❡r❣❡♥❝❡
r❛t❡✳
❆♣♣❧②✐♥❣ ❢♦r♠❛❧ ♠❡t❤♦❞s t♦ ❛ ❞♦♠❛✐♥ ♠❡❛♥s ❡♥❝♦❞✐♥❣ t❤❡ ❝♦♥❝❡♣ts ♦❢ t❤❛t ❞♦♠❛✐♥ ✐♥s✐❞❡ ❛ ♣r♦♦❢
❛ss✐st❛♥t ❛♥❞ ✈❡r✐❢②✐♥❣ t❤❡ ❞❡s✐r❡❞ ♣r♦♣❡rt✐❡s ✇✐t❤✐♥ t❤✐s s❡tt✐♥❣✳ ■t ✐s t❤✉s ♦❜✈✐♦✉s t❤❛t t❤❡ s✉❝❝❡ss ♦❢
❢♦r♠❛❧ ✈❡r✐✜❝❛t✐♦♥ ❢♦r ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❞❡♣❡♥❞s ♦♥ ❤❛✈✐♥❣ ❛♥ ❡①t❡♥s✐✈❡ ❛♥❞ ♣r❛❝t✐❝❛❧ ❢♦r♠❛❧✐③❛t✐♦♥
♦❢ r❡❛❧ ❛♥❛❧②s✐s ❝♦♥❝❡♣ts ✐♥s✐❞❡ t❤❡ ♣r♦♦❢ ❛ss✐st❛♥t✳ ❋♦r t❤❡ ❢♦r♠❛❧ ♣r♦♦❢ ♦❢ ❑❛♥t♦r♦✈✐t❝❤✬s t❤❡♦r❡♠✱ ✇❡
♦r❣❛♥✐③❡❞ ♦✉r ✇♦r❦ ❜② st❛rt✐♥❣ ✇✐t❤ t❤❡ ❝❛s❡ ♦❢ ❛ s✐♥❣❧❡ ✈❛r✐❛t❡ r❡❛❧ ❢✉♥❝t✐♦♥ ❛♥❞ t❤❡♥ ❣❡♥❡r❛❧✐③✐♥❣ ❢♦r
s❡✈❡r❛❧ ❞✐♠❡♥s✐♦♥s✳ ■♥ s❡❝t✐♦♥ ✷ ✇❡ ♣r♦✈✐❞❡ ❛ s✉r✈❡② ♦❢ ❢♦r♠❛❧ r❡❛❧ ❛♥❛❧②s✐s ❝♦♥❝❡♣ts ✐♥ ✈❛r✐♦✉s t❤❡♦r❡♠
♣r♦✈❡rs✳ ❲❡ ❛❧s♦ ♣r❡s❡♥t ❛♥ ♦✉t❧✐♥❡ ♦❢ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ♣r♦♦❢ ♦❢ ❑❛♥t♦r♦✈✐t❝❤✬s t❤❡♦r❡♠✳ ■♥ s❡❝t✐♦♥
✸✱ ✇❡ ♣r❡s❡♥t t❤❡ ♣r♦♦❢ ♦❢ t❤❡ t❤❡♦r❡♠ ✐♥ ♦♥❡ ❞✐♠❡♥s✐♦♥✳ ❙❡❝t✐♦♥ ✹ ❞❡s❝r✐❜❡s t❤❡ ♠✉❧t✐✈❛r✐❛t❡ ❛♥❛❧②s✐s
❝♦♥❝❡♣ts ✇❡ ❢♦r♠❛❧✐③❡❞ ❛♥❞ s❡❝t✐♦♥ ✺ ❞✐s❝✉ss❡s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ t❤❡♦r❡♠ ✐♥ Rp✳ ❚❤❡ ❝♦♥❝❧✉s✐♦♥s ❛♥❞
♣♦ss✐❜❧❡ ❡①t❡♥s✐♦♥s ♦❢ t❤✐s ✇♦r❦ ❛r❡ ❞❡t❛✐❧❡❞ ✐♥ s❡❝t✐♦♥ ✻✳
✶✺
P❛➩❝❛
✷✳ ❙✉r✈❡② ♦❢ r❡❧❛t❡❞ ✇♦r❦
▼❛t❤❡♠❛t✐❝❛❧ ♣r♦♦❢s ❝❛♥♥♦t ❜❡ ❡♥t✐r❡❧② ❞✐s❝♦✈❡r❡❞ ❜② ♠❡❝❤❛♥✐❝❛❧ ♠❡❛♥s✱ ❜✉t t❤❡ ❝♦rr❡❝t♥❡ss ♦❢ ❛
❢♦r♠❛❧ ♣r♦♦❢ ❝❛♥ ❜❡ ✈❡r✐✜❡❞ ❜② ❛ ♠❛❝❤✐♥❡✳ ❲♦r❦ ✐♥ t❤✐s ❞♦♠❛✐♥ ❤❛s ✉♥❝♦✈❡r❡❞ s❡✈❡r❛❧ ❛♣♣r♦❛❝❤❡s t♦
r❡♣r❡s❡♥t✐♥❣ t❤❡ ♣r♦♦❢s ❛♥❞ ❡❛❝❤ ♦❢ t❤❡s❡ ❛♣♣r♦❛❝❤❡s ❤❛s ❧❡❞ t♦ ❛ ❞✐✛❡r❡♥t s②st❡♠✳ ❙♦♠❡ ♦❢ t❤❡ ♠♦st
✐♠♣♦rt❛♥t ♣r♦♦❢ s②st❡♠s ❛t ♣r❡s❡♥t ❛r❡ ❍❖▲ ❬✶✸❪✱ P❱❙ ❬✷✺❪✱ ❆❈▲✷ ❬✶✼❪✱ ■s❛❜❡❧❧❡❬✷✸❪ ❛♥❞ ❈♦q ❬✷✱ ✶❪✳
❊❛❝❤ ♦❢ t❤❡♠ ♦✛❡rs ❛ ❧✐❜r❛r② ♦❢ ❢♦r♠❛❧✐③❡❞ ♠❛t❤❡♠❛t✐❝❛❧ ❝♦♥❝❡♣ts ❛♥❞ ✈❡r✐✜❡❞ t❤❡♦r❡♠s✳
✷✳✶✳ ❋♦r♠❛❧✐③✐♥❣ r❡❛❧ ❛♥❛❧②s✐s ❝♦♥❝❡♣ts
❆s st❛t❡❞ ❜❡❢♦r❡ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ✇❛② r❡❛❧ ❛♥❛❧②s✐s ❝♦♥❝❡♣ts ❛r❡ ❡♥❝♦❞❡❞ t♦ ❤❛✈❡ ❛
r❡♣r❡s❡♥t❛t✐♦♥ t❤❛t ✐s ❜♦t❤ ❢❡❛s✐❜❧❡ ❛♥❞ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❝♦♥❝❡♣t ❜❡✐♥❣ ❢♦r♠❛❧✐③❡❞✳
❲❡ ❛r❡ ❛❧s♦ ✐♥t❡r❡st❡❞ ✐♥ s❡❡✐♥❣ ✇❤❛t s♦rt ♦❢ t❤❡♦r❡♠s ❛♥❞ r❡s✉❧ts ❤❛✈❡ ❜❡❡♥ ♦❜t❛✐♥❡❞ ✉s✐♥❣ t❤❡s❡
❝♦♥❝❡♣ts✳
❚❤❡ ✜rst t❤✐♥❣ ✐s t♦ ✜♥❞ ❛ ✇❛② t♦ r❡♣r❡s❡♥t t❤❡ r❡❛❧ ♥✉♠❜❡rs✳ ❚❤❡② ❝❛♥ ❡✐t❤❡r ❜❡ ❣✐✈❡♥ ❛♥ ❛①✐♦♠❛t✐❝
❞❡✜♥✐t✐♦♥ ❛s ❛ ❝♦♠♣❧❡t❡ ♦r❞❡r❡❞ ✜❡❧❞ s❛t✐s❢②✐♥❣ t❤❡ ❧❡❛st ✉♣♣❡r ❜♦✉♥❞ ♣r✐♥❝✐♣❧❡ ♦r t❤❡② ❝❛♥ ❜❡ ❞❡✜♥❡❞
❝♦♥str✉❝t✐✈❡❧② ❛♥❞ ♣r♦✈❡❞ t❤❡ r✐❣❤t ♣r♦♣❡rt✐❡s✳ ❚❤❡r❡ ❛r❡ s❡✈❡r❛❧ ❝♦♥str✉❝t✐♦♥s ❢♦r t❤❡ r❡❛❧s✱ t❤❡ ♠♦st
❢❛♠♦✉s ❜❡✐♥❣ t❤❡ ❉❡❞❡❦✐♥❞ ♠♦❞❡❧✱ ❜❛s❡❞ ♦♥ t❤❡ ♥♦t✐♦♥ ♦❢ ❝✉t✱ t❤❡ ❈❛♥t♦r ♠♦❞❡❧✱ ✇❤✐❝❤ ✉s❡s ❈❛✉❝❤②
s❡q✉❡♥❝❡s ♦❢ r❛t✐♦♥❛❧ ♥✉♠❜❡rs ❛♥❞ t❤❡ ❲❡✐❡rstr❛ss ♠♦❞❡❧ ✇❤✐❝❤ ✉s❡s ❞❡❝✐♠❛❧ ❢r❛❝t✐♦♥s✳
❚❤❡ ♥❡①t st❡♣ ✐s t♦ s❡❡ ❤♦✇ r❡❛❧ ❛♥❛❧②s✐s ❝♦♥❝❡♣ts ❝❛♥ ❜❡ ❡✣❝✐❡♥t❧② ❢♦r♠❛❧✐③❡❞ ✐♥s✐❞❡ t❤❡ ♣r♦♦❢
❛ss✐st❛♥t✳ ❚❤❡r❡ ❛r❡ t✇♦ ♠❛✐♥ ❛♣♣r♦❛❝❤❡s✳ ❖♥❡ ✐s t♦ ❢♦❧❧♦✇ ❝❧❛ss✐❝❛❧ ❛♥❛❧②s✐s ✇❤❡r❡ ❝♦♥❝❡♣ts ❛r❡
❡①♣r❡ss❡❞ ✉s✐♥❣ t❤❡ ✉s✉❛❧ ε−δ ❞❡✜♥✐t✐♦♥s✳ ❚❤❡ ♦t❤❡r ✐s t♦ ✉s❡ ♥♦♥✲st❛♥❞❛r❞ ❛♥❛❧②s✐s ❛s ✜rst ✐♥tr♦❞✉❝❡❞
❜② ❘♦❜✐♥s♦♥ ❬✷✹❪✳
◆♦♥✲st❛♥❞❛r❞ ❛♥❛❧②s✐s ✇♦r❦s ✇✐t❤ ✐❞❡❛❧❧② s♠❛❧❧ ❛♥❞ ✐❞❡❛❧❧② ❧❛r❣❡ ♥✉♠❜❡rs✱ s♦ ✐t ❢♦r♠❛❧✐③❡s t❤❡
❝♦♥❝❡♣ts ♦❢ ✐♥✜♥✐t❡ ❛♥❞ ✐♥✜♥✐t❡s✐♠❛❧✳ ■t ✐♥tr♦❞✉❝❡s ♥✉♠❜❡rs s②st❡♠s s✉❝❤ ❛s ❤②♣❡r✲r❡❛❧s ❛♥❞ t❤❡
✐♥✜♥✐t❡❧② ❝❧♦s❡ r❡❧❛t✐♦♥✱ ✇❤✐❝❤ ❤❡❧♣ ❡①♣r❡ss ❝♦♥❝❡♣ts s✉❝❤ ❛s ❧✐♠✐t✱ ❝♦♥t✐♥✉✐t② ❡t❝✳ ❚❤❡ ♠❛✐♥ ❛r❣✉♠❡♥t
✐♥ ❢❛✈♦r ♦❢ ✉s✐♥❣ ♥♦♥✲st❛♥❞❛r❞ ❛♥❛❧②s✐s ✐s t❤❛t✱ ❜② ✉s✐♥❣ t❤✐s ✏✐♥✜♥✐t❡❧② ❝❧♦s❡ r❡❧❛t✐♦♥✑✱ t❤❡ ♠❛♥✐♣✉❧❛t✐♦♥
♦❢ ♦❜❥❡❝ts ✭❡✳❣✳ ❞❡r✐✈❛t✐✈❡s✱ ❧✐♠✐ts ♦❢ ❢✉♥❝t✐♦♥s✮ ❜❡❝♦♠❡s ❛❧❣❡❜r❛✐❝ ❛♥❞ t❤❡r❡❢♦r❡ t❤❡♦r❡♠s ❛r❡ ❡❛s✐❡r
t♦ ❛✉t♦♠❛t❡✳
❋♦r ❍❖▲✱ t❤❡ ♠❛✐♥ ✇♦r❦ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✶✹❪✳ ❚❤❡ r❡❛❧ ♥✉♠❜❡rs ❛r❡ ❝♦♥str✉❝t❡❞ ✉s✐♥❣ ❛♥
❛❞❛♣t❛t✐♦♥ ♦❢ ❈❛♥t♦r✬s ♠❡t❤♦❞✳ ❘❡❛❧ ❛♥❛❧②s✐s ✐s ❞❡❛❧t ✇✐t❤ ✐♥ ❛ ❝❧❛ss✐❝❛❧ ✇❛②✳ ❖♥❡ ✐♥t❡r❡st✐♥❣ ❢❛❝t
✐s t❤❡ ✇❛② ❧✐♠✐ts ❛r❡ ✐♠♣❧❡♠❡♥t❡❞✳ ❆s ♦♣♣♦s❡❞ t♦ ♦t❤❡r s②st❡♠s✱ ✇❤✐❝❤ tr❡❛t ✐♥❞❡♣❡♥❞❡♥t❧② t❤❡
❧✐♠✐t ♦❢ ❛ s❡q✉❡♥❝❡ ❛♥❞ t❤❛t ♦❢ ❛ ❢✉♥❝t✐♦♥✱ ❍❖▲ ❞❡s❝r✐❜❡s t❤❡♠ ✉s✐♥❣ ♦♥❡ ❝♦♥❝❡♣t ❜② r❡❧②✐♥❣ ♦♥ t❤❡
t❤❡♦r② ♦❢ ♥❡ts✳ ❘❡s✉❧ts ❛r❡ ❛❝❤✐❡✈❡❞ ❛r♦✉♥❞ ❝♦♥t✐♥✉✐t②✱ ❞✐✛❡r❡♥t✐❛t✐♦♥✱ ✐♥t❡❣r❛❜✐❧✐t② ❛♥❞ tr❛♥s❝❡♥❞❡♥t❛❧
❢✉♥❝t✐♦♥s✳ ❲❡ ♠❡♥t✐♦♥ t❤❛t ❛ q✉❛♥t✐✜❡r ❡❧✐♠✐♥❛t✐♦♥ ♣r♦❝❡❞✉r❡ ❤❛s ❛❧s♦ ❜❡❡♥ ✐♠♣❧❡♠❡♥t❡❞ ❢♦r t❤✐s
t❤❡♦r②✳ ❙♦♠❡ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ t❤❡ ❞❡✈❡❧♦♣❡❞ t❤❡♦r② ✐♥✈♦❧✈❡ ✈❡r✐✜❝❛t✐♦♥s ❢♦r ✢♦❛t✐♥❣ ♣♦✐♥t ❛❧❣♦r✐t❤♠s✳
■♥ ■s❛❜❡❧❧❡ ♦♥❡ ❝❛♥ ❛❝t✉❛❧❧② ✜♥❞ ♠♦st ♦❢ t❤❡ ❝♦♥❝❡♣ts ❢♦r♠❛❧✐③❡❞ ✐♥ ❜♦t❤ ❝❧❛ss✐❝❛❧ ❛♥❞ ♥♦♥✲st❛♥❞❛r❞
❛♥❛❧②s✐s✳ ❲❤❛t ✐s ✐♥t❡r❡st✐♥❣ ✐s t❤❡ ♣r♦♦❢ ♦❢ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❝♦♥❝❡♣ts ✐♥ t❤❡ t✇♦ ❛♣♣r♦❛❝❤❡s❬✽❪✳
❚❤❡ ❆❈▲✷ ♣r♦♦❢ ❛ss✐st❛♥t ❤❛s ❛ ♥♦♥✲st❛♥❞❛r❞ ❛♣♣r♦❛❝❤ t♦ r❡❛❧ ❛♥❛❧②s✐s✳ ❬✾❪ ♦✛❡rs ❛♥ ✐♥tr♦❞✉❝t✐♦♥
t♦ ♥♦♥✲st❛♥❞❛r❞ ❛♥❛❧②s✐s t❡❝❤♥✐q✉❡s ❛♥❞ s❤♦✇s ❤♦✇ t❤❡② ❝❛♥ ❜❡ ✉s❡❞ t♦ r❡❛s♦♥ ♠❡❝❤❛♥✐❝❛❧❧② ❛❜♦✉t
❝♦♥❝❡♣ts ❧✐❦❡ tr❛♥s❝❡♥❞❡♥t❛❧ ❢✉♥❝t✐♦♥s✳ ❚❤❡ ❢♦r♠❛❧✐③❛t✐♦♥ ♦❢ ❝♦♥t✐♥✉✐t②✱ ❞✐✛❡r❡♥t✐❛❜✐❧✐t② ❡t❝✳ ❛❧❧♦✇s
♣r♦✈✐♥❣ t❤❡♦r❡♠s s✉❝❤ ❛s ✐♥t❡r♠❡❞✐❛t❡ ✈❛❧✉❡ t❤❡♦r❡♠ ❛♥❞ ❘♦❧❧❡✬s t❤❡♦r❡♠✳
❬✻❪ ♣r❡s❡♥ts ❛♥ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❜❛s✐❝ r❡❛❧ ❛♥❛❧②s✐s ❜✉✐❧❞✐♥❣ ♦♥ t❤❡ ❛①✐♦♠❛t✐❝ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡
r❡❛❧s ✐♥ t❤❡ P❱❙ t❤❡♦r❡♠ ♣r♦✈❡r✳ ❚❤✐s ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐♥❝❧✉❞❡s ❞❡✜♥✐t✐♦♥s ♦❢ ❝♦♥✈❡r❣❡♥❝❡✱ ❝♦♥t✐♥✉✐t②✱
❞✐✛❡r❡♥t✐❛❜✐❧✐t② ♦❢ r❡❛❧✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥s ❛♥❞ ♣r♦♦❢s ❢♦r t❤❡♦r❡♠s ❛r♦✉♥❞ t❤✐s ❝♦♥❝❡♣ts ✭❡✳❣✳ t❤❡ ♠❡❛♥
✈❛❧✉❡ t❤❡♦r❡♠✮✳
■♥ ❈♦q✱ t✇♦ ❛♣♣r♦❛❝❤❡s ❤❛✈❡ ❜❡❡♥ ❡①♣❧♦r❡❞✳ ❚❤❡ ❈♦q ❙t❛♥❞❛r❞ ▲✐❜r❛r② ❝❛❧❧❡❞ Reals ♣r♦✈✐❞❡s
❛♥ ❛①✐♦♠❛t✐❝ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ r❡❛❧s✳ ❚❤❡ ❧✐❜r❛r② ❝♦♥t❛✐♥s ❛ ❧♦t ♦❢ r❡s✉❧ts ❢♦r r❡❛❧ ❛♥❛❧②s✐s✿ s❡q✉❡♥❝❡s
❛♥❞ s❡r✐❡s✱ tr❛♥s❝❡♥❞❡♥t❛❧ ❢✉♥❝t✐♦♥✱ ❝♦♥❝❡♣ts ♦❢ ❧✐♠✐t✱ ❝♦♥t✐♥✉✐t②✱ ❞✐✛❡r❡♥t✐❛t✐♦♥✱ ✐♥t❡❣r❛t✐♦♥✱ ❝❛❧❝✉❧✉s
✶✻
❆ ❋♦r♠❛❧ ❱❡r✐✜❝❛t✐♦♥ ❢♦r ❑❛♥t♦r♦✈✐t❝❤✬s ❚❤❡♦r❡♠
t❤❡♦r❡♠s ❧✐❦❡ t❤❡ ♠❡❛♥ ✈❛❧✉❡ t❤❡♦r❡♠✱t❤❡ ❢✉♥❞❛♠❡♥t❛❧ t❤❡♦r❡♠ ♦❢ ❝❛❧❝✉❧✉s ❡t❝✳
❚❤❡r❡ ❛❧s♦ ❡①✐sts ❛ ❝♦♥str✉❝t✐✈❡ ❢♦r♠❛❧✐③❛t✐♦♥ ♦❢ r❡❛❧ ❛♥❛❧②s✐s ✐♥ ❈♦q✳ ■♥ ❈✲❈♦❘◆ ✭❈♦q ❈♦♥str✉❝t✐✈❡
❘❡♣♦s✐t♦r② ❛t ◆✐❥♠❡❣❡♥ ❬✹❪✮ t❤❡ r❡❛❧s ❛r❡ ❜✉✐❧❞ ❛s ❛ ❈❛✉❝❤② ❝♦♠♣❧❡t✐♦♥ ♦❢ t❤❡ r❛t✐♦♥❛❧s ❬✷✷❪✳ ❆♠♦♥❣ t❤❡
♠♦st ✐♠♣♦rt❛♥t ✇♦r❦ ✐♥ t❤✐s s❡tt✐♥❣ ✇❡ ❝❛♥ ♠❡♥t✐♦♥ t❤❡ ❝♦♥str✉❝t✐✈❡ ❢♦r♠❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧
t❤❡♦r❡♠ ♦❢ ❛❧❣❡❜r❛ ❬✶✵❪ ❛♥❞ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ t❤❡♦r❡♠ ♦❢ ❝❛❧❝✉❧✉s ❬✸❪✳
❈❧♦s❡❧② r❡❧❛t❡❞ t♦ ♦✉r ✇♦r❦✱ ✇❡ ❝❛♥ ♠❡♥t✐♦♥ t❤❡ ❡①✐st❡♥❝❡ ✐♥ ❈✲❈♦❘◆ ♦❢ ❛ ❢♦r♠❛❧✐③❛t✐♦♥ ❢♦r ❛
r♦♦t ✜♥❞✐♥❣ ❛❧❣♦r✐t❤♠✳ ❚❤❡ r❡s✉❧t ✐s ♣❛rt ♦❢ ❛ ❧❛r❣❡r ♣r♦❥❡❝t t❤❛t ❞❡❛❧t ✇✐t❤ t❤❡ ❢♦r♠❛❧✐③❛t✐♦♥ ♦❢ t❤❡
❋✉♥❞❛♠❡♥t❛❧ ❚❤❡♦r❡♠ ♦❢ ❆❧❣❡❜r❛ ❬✶✵❪ ✉s✐♥❣ ❛ ♣r♦♦❢ ❣✐✈❡♥ ❜② ❑♥❡s❡r✳
❖✉r ✇♦r❦ ✇❛s ❞♦♥❡ ✉s✐♥❣ t❤❡ ❈♦q Pr♦♦❢ ❆ss✐st❛♥t ❛♥❞ t❤❡ ❙t❛♥❞❛r❞ ▲✐❜r❛r②✱ ✐✳❡✳ t❤❡ ❛①✐♦♠❛t✐❝✱
❝❧❛ss✐❝❛❧ ❞❡✜♥✐t✐♦♥ ❢♦r r❡❛❧ ❛♥❛❧②s✐s ❝♦♥❝❡♣ts✳ ❋♦r t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ ♦✉r ✇♦r❦ ✇❡ ❛❧s♦ ✉s❡❞ t❤❡
ssreflect ❡①t❡♥s✐♦♥ ❛♥❞ ✐ts ❧✐❜r❛r✐❡s ❢♦r r❡❛s♦♥s t♦ ❜❡ ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳
✷✳✷✳ ▼❛t❤❡♠❛t✐❝❛❧ ♣r♦♦❢ ♦❢ ❑❛♥t♦r♦✈✐t❝❤✬s t❤❡♦r❡♠
❆s st❛t❡❞ ❛❜♦✈❡✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ❤❛✈✐♥❣ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ◆❡✇t♦♥✬s
♣r♦❝❡ss ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛♥ ❡q✉❛t✐♦♥ s②st❡♠✳ ❚❤❡ ♣r♦❜❧❡♠ ✇❛s st✉❞✐❡❞ ❜② ❲✐❧❧❡rs✱ ❙té♥✐♥❡✱ ❖str♦✇s❦✐✱
❑❛♥t♦r♦✈✐t❝❤ ❛♥❞ ♦t❤❡rs✳ ■♥ ✇❤❛t ❢♦❧❧♦✇s✱ ✇❡ ♣r❡s❡♥t ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ❑❛♥t♦r♦✈✐t❝❤✬s t❤❡♦r❡♠ t❤❛t
❡①♣r❡ss❡s t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ◆❡✇t♦♥✬s ♠❡t❤♦❞ ❢♦r ❛ ✜♥✐t❡ s②st❡♠ ♦❢ ♥♦♥✲❧✐♥❡❛r ❡q✉❛t✐♦♥s✳ ■t ❡st❛❜❧✐s❤❡s
t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛ s♦❧✉t✐♦♥ ❢♦r t❤❡ ✐♥✐t✐❛❧ ❡q✉❛t✐♦♥ s②st❡♠✳
❚❤❡ st❛t❡♠❡♥t ♦❢ t❤❡ t❤❡♦r❡♠ ❛❝❝♦r❞✐♥❣ t♦ ❬✼❪ ✐s ❛s ❢♦❧❧♦✇s✿
❚❤❡♦r❡♠ ✶ ❈♦♥s✐❞❡r ❛ s②st❡♠ ♦❢ ♥♦♥✲❧✐♥❡❛r ❛❧❣❡❜r❛✐❝ ♦r tr❛♥s❝❡♥❞❡♥t ❡q✉❛t✐♦♥s f(x) = 0✱ ✇❤❡r❡
t❤❡ ✈❡❝t♦r ❢✉♥❝t✐♦♥ f : Rp → Rp ❤❛s ❝♦♥t✐♥✉♦✉s ✜rst ❛♥❞ s❡❝♦♥❞ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s ✐♥ ❛ ❝❡rt❛✐♥
❞♦♠❛✐♥ ω✱ ✐✳❡✳ f(x) ∈ C(2)(ω)✳ ▲❡t x(0) ❜❡ ❛ ♣♦✐♥t ❝♦♥t❛✐♥❡❞ ✐♥ ω ✇✐t❤ ✐ts ❝❧♦s❡❞ ε✲♥❡✐❣❤❜♦r❤♦♦❞
Uε(x
(0)) = {‖x − x(0)‖ ≤ ε} ❛❧s♦ ✐♥❝❧✉❞❡❞ ✐♥ ω✳ ■❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❤♦❧❞✿
✶✳ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① W (x) = [∂fi(x)
∂xj
] ❤❛s ❛♥ ✐♥✈❡rs❡ ❢♦r x = x(0)✱ Γ0 = W−1(x(0)) ✇✐t❤
‖Γ0‖ ≤ A0❀
✷✳ ‖Γ0f(x(0))‖ ≤ B0 ≤ ε2 ❀
✸✳
p∑
k=1
|∂
2fi(x)
∂xj∂xk
| ≤ C ♣♦✉r i, j = 1, 2, ..., p ❛♥❞ x ∈ Uε(x(0))❀
✹✳ t❤❡ ❝♦♥st❛♥ts A0, B0, C s❛t✐s❢② t❤❡ ✐♥❡q✉❛❧✐t② 2pA0B0C ≤ 1✳
t❤❡♥✱ ❢♦r t❤❡ ✐♥✐t✐❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ x(0)✱ t❤❡ ◆❡✇t♦♥ ♣r♦❝❡ss
x(n+1) = x(n) − W−1(x(n))f(x(n)) ✭✶✮
✭n = 1, 2, ...✮ ❝♦♥✈❡r❣❡s ❛♥❞ t❤❡ ❧✐♠✐t ✈❡❝t♦r x∗ = lim
n→∞
x(n) ✐s ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ✐♥✐t✐❛❧ s②st❡♠✱ s♦
t❤❛t ‖x∗ − x(0)‖ ≤ 2B0 ≤ ε✳ ▼♦r❡♦✈❡r✱ ✐♥ t❤❡ ❞♦♠❛✐♥ {‖x − x(0)‖ ≤ 2B0} t❤❡ s♦❧✉t✐♦♥ ✐s ✉♥✐q✉❡✳
❍❡r❡ ✐s t❤❡ ♦✉t❧✐♥❡ ♦❢ t❤❡ ♣r♦♦❢ ❢♦r t❤❡ t❤❡♦r❡♠ ❛s ♣r❡s❡♥t❡❞ ✐♥ ❬✼❪✿
• ♣r♦✈❡ ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ ♣r♦♣❡rt✐❡s ❢♦r ❡❛❝❤ ❡❧❡♠❡♥t ♦❢ t❤❡ ◆❡✇t♦♥ s❡q✉❡♥❝❡❀
• ✐♥❢❡r t❤❛t ✐t ✐s ❛ ❈❛✉❝❤② s❡q✉❡♥❝❡❀
• ✉s❡ t❤❡ ❝♦♠♣❧❡t❡♥❡ss ♦❢ Rp t♦ ♣r♦✈❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡❀
• ♣r♦✈❡ t❤❛t t❤❡ ❧✐♠✐t ♦❢ t❤❡ s❡q✉❡♥❝❡ ✐s ❛ r♦♦t ♦❢ t❤❡ ❣✐✈❡♥ ❢✉♥❝t✐♦♥❀
• ♣r♦✈❡ t❤❛t ✐♥ ❛ ❝❡rt❛✐♥ ✐♥t❡r✈❛❧ t❤❡ r♦♦t ✐s ✉♥✐q✉❡✳
✶✼
P❛➩❝❛
❋♦r t❤❡ ✜rst ♣❛rt✱ t❤❡ ♣r♦♣❡rt✐❡s ✈❡r✐✜❡❞ ❢♦r ❡❛❝❤ ❡❧❡♠❡♥t ♦❢ t❤❡ s❡q✉❡♥❝❡ ❛r❡ s✐♠✐❧❛r t♦ t❤♦s❡ ❢♦r
x(0)✳ ❘❡s♦♥✐♥❣ ❜② ✐♥❞✉❝t✐♦♥ ✇❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣✿
W (x(n)) is invertible
‖W−1(x(n))‖ ≤ An ✭✷✮
‖W−1(x(n))f(x(n))‖ ≤ Bn ≤
ε
2n+1
✭✸✮
2pAnBnC ≤ 1
✇❤❡r❡
An = 2An−1
Bn = pAn−1B
2
n−1C
❲❡ ❛r❡ ❛❜❧❡ t♦ ❡st❛❜❧✐s❤✿
Uε(x
(0)) ⊃ U ε
2
(x(1)) ⊃ . . . ⊃ U ε
2n
(x(n)) ⊃ . . . ✭✹✮
❋r♦♠ ✭✹✮ ✇❡ ❝❛♥ ✐♥❢❡r t❤❛t x(n) ✐s ❛ ❈❛✉❝❤② s❡q✉❡♥❝❡✿
x(n+m) ∈ U ε
2n
(x(n)) ⇒ ‖x(n+m) − x(n)‖ ≤
ε
2n
❚❤❡ ❧❛tt❡r q✉❛♥t✐t② ❝❛♥ ❜❡ ♠❛❞❡ ❛r❜✐tr❛r② s♠❛❧❧ ❢♦r n > N ❛♥❞ m ∈ N✱ ✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦ ❈❛✉❝❤②✬s
❝r✐t❡r✐♦♥✳ ❲❡ ✉s❡ t❤❡ r❡s✉❧t t❤❛t Rp ✐s ❛ ❝♦♠♣❧❡t❡ ♠❡tr✐❝ s♣❛❝❡ t♦ ❞❡❞✉❝❡ t❤❛t t❤❡ s❡q✉❡♥❝❡ ❝♦♥✈❡r❣❡s✳
❇② t❛❦✐♥❣ t❤❡ ❧✐♠✐t ✐♥ ✭✶✮ ✇❡ ❣❡t t❤❛t t❤❡ ❧✐♠✐t ♦❢ t❤❡ s❡q✉❡♥❝❡ ✐s ❛ r♦♦t ♦❢ ❢✉♥❝t✐♦♥ f ✳
❚♦ ♣r♦✈❡ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ s♦❧✉t✐♦♥✱ ✇❡ s✉♣♣♦s❡ t❤❛t t❤❡r❡ ❡①✐sts ❛♥♦t❤❡r s♦❧✉t✐♦♥ ♦❢ t❤❡
❡q✉❛t✐♦♥ ❛♥❞ ♣r♦✈❡ t❤❛t ✐t ✐s ❛❧s♦ t❤❡ ❧✐♠✐t ♦❢ t❤❡ s❡q✉❡♥❝❡✳ ❇② ✉♥✐q✉❡♥❡ss ♦❢ t❤✐s ❧✐♠✐t ✇❡ ❤❛✈❡ t❤❡
❞❡s✐r❡❞ r❡s✉❧t✳
❚❤❡ r❡❛s♦♥✐♥❣ st❡♣s ❜❡❤✐♥❞ ✭✷✮ ♦r ✭✸✮ ✉s❡ ♥♦♥ tr✐✈✐❛❧ r❡s✉❧ts ❢r♦♠ ♠❛tr✐① t❤❡♦r② ❛♥❞ ❞✐✛❡r❡♥t✐❛❧
❝❛❧❝✉❧✉s ✐♥ s❡✈❡r❛❧ ❞✐♠❡♥s✐♦♥s ✭❡✳❣✳ ❚❛②❧♦r✬s ❢♦r♠✉❧❛✮ ❛s ✇❡ s❤❛❧❧ ♣♦✐♥t ♦✉t ❛❣❛✐♥ ❧❛t❡r ♦♥✳
✸✳ Pr♦♦❢ ✐♥ ♦♥❡ ❞✐♠❡♥s✐♦♥
✸✳✶✳ ■♥❢♦r♠❛❧ ♣r❡s❡♥t❛t✐♦♥
❑❛♥t♦r♦✈✐t❝❤✬s t❤❡♦r❡♠ ❣✐✈❡s t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ t❤❡ ❣❡♥❡r❛❧✱ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✳
◆❛t✉r❛❧❧②✱ ✐t ❝❛♥ ❜❡ r❡❞✉❝❡❞ t♦ t❤❡ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✳ ❚❤✐s ❡♥t❛✐❧s s♦♠❡ s✐♠♣❧✐✜❝❛t✐♦♥s ✐♥ t❤❡
❝♦♥❞✐t✐♦♥s ✐♠♣♦s❡❞ ❛s ✇❡❧❧ ❛s ✐♥ t❤❡ ♣r♦♦❢✳ ❚❤✐s ❛❞❛♣t❡❞ ♣r♦♦❢ ♦❢ ❑❛♥t♦r♦✈✐t❝❤✬s t❤❡♦r❡♠ ✇✐❧❧ ❧❛t❡r
s❡r✈❡ ❛s ❛ ❣✉✐❞❡❧✐♥❡ ✐♥ t❤❡ ❣❡♥❡r❛❧ ♣r♦♦❢✳
❲❡ ❛❧s♦ ♠❛❞❡ ❛♥ ❛❞❥✉st♠❡♥t ✐♥ t❤❡ st❛t❡♠❡♥t ♦❢ t❤❡ t❤❡♦r❡♠ ❜② ❧♦♦s❡♥✐♥❣ t❤❡ ❝♦♥str❛✐♥t t❤❛t
t❤❡ ❢✉♥❝t✐♦♥ s❤♦✉❧❞ ❜❡ t✇✐❝❡ ❞❡r✐✈❛❜❧❡✳ ❲❡ ❥✉st ✐♠♣♦s❡ ❛ ❜♦✉♥❞✐♥❣ ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢
t❤❡ ✜rst ❞❡r✐✈❛t✐✈❡✱ ✇❤✐❝❤ ✐s tr✐✈✐❛❧❧② ✈❡r✐✜❡❞ ✐❢ t❤❡ ❢✉♥❝t✐♦♥ ❞♦❡s ❤❛✈❡ ❛ ❝♦♥t✐♥✉♦✉s s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡
✭❝♦♥❞✐t✐♦♥ ✸ ✐♥ ❚❤❡♦r❡♠ ✷✮✳
❚❤❡ ♠♦❞✐✜❡❞ st❛t❡♠❡♥t ♦❢ t❤❡ t❤❡♦r❡♠ ✐s ❛s ❢♦❧❧♦✇s✿
❚❤❡♦r❡♠ ✷ ❈♦♥s✐❞❡r ❛♥ ❡q✉❛t✐♦♥ f(x) = 0✱ ✇❤❡r❡ f : [a, b] → R ✱ a✱ b ∈ R f(x) ∈ C(1)([a, b])✳ ▲❡t
x(0) ❜❡ ❛ ♣♦✐♥t ❝♦♥t❛✐♥❡❞ ✐♥ [a, b] ✇✐t❤ ✐ts ❝❧♦s❡❞ ε✲♥❡✐❣❤❜♦✉r❤♦♦❞ Uε(x(0)) = {|x − x(0)| ≤ ε} ⊂ [a, b]✳
■❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❤♦❧❞✿
✶✽
❆ ❋♦r♠❛❧ ❱❡r✐✜❝❛t✐♦♥ ❢♦r ❑❛♥t♦r♦✈✐t❝❤✬s ❚❤❡♦r❡♠
❋✐❣✉r❡ ✶✿ ◆❡✇t♦♥✬s ♠❡t❤♦❞
✶✳ f ′(x(0)) 6= 0 ❛♥❞ | 1
f ′(x(0))
| ≤ A0❀
✷✳ | f(x
(0))
f ′(x(0))
| ≤ B0 ≤
ε
2 ❀
✸✳ ∀x, y ∈ [a, b], |f ′(x) − f ′(y)| ≤ C|x − y|
✹✳ t❤❡ ❝♦♥st❛♥ts A0, B0, C s❛t✐s❢② t❤❡ ✐♥❡q✉❛❧✐t② 2A0B0C ≤ 1✳
t❤❡♥✱ ❢♦r ❛♥ ✐♥✐t✐❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ x(0)✱ t❤❡ ◆❡✇t♦♥ ♣r♦❝❡ss
x(n+1) = x(n) −
f(x(n))
f ′(x(n))
✭✺✮
✭n = 1, 2, ...✮ ❝♦♥✈❡r❣❡s ❛♥❞ t❤❡ ❧✐♠✐t ✈❡❝t♦r x∗ = lim
n→∞
x(n) ✐s ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ✐♥✐t✐❛❧ s②st❡♠✱ s♦ t❤❛t
|x∗ − x(0)| ≤ 2B0 ≤ ε✳ ▼♦r❡♦✈❡r✱ ✐♥ t❤❡ ❞♦♠❛✐♥ {|x − x(0)| ≤ 2B0} t❤❡ s♦❧✉t✐♦♥ ✐s ✉♥✐q✉❡✳
❚❤❡ ✐♥t✉✐t✐♦♥ ❜❡❤✐♥❞ t❤❡s❡ ❝♦♥❞✐t✐♦♥s ❝❛♥ ❜❡ ♠♦r❡ ❡❛s✐❧② ✉♥❞❡rst♦♦❞ ❜② ❛♥❛❧②s✐♥❣ ❋✐❣✉r❡ ✶✳ ❚❤❡
❝♦♥❞✐t✐♦♥s s❛② t❤❛t ✐❢ t❤❡ s❧♦♣❡ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ✐s s✉✣❝✐❡♥t❧② st❡❡♣ ❛♥❞ ✐❢ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤✐s s❧♦♣❡ ✭✐✳❡✳
t❤❡ ✜rst ❞❡r✐✈❛t✐✈❡✮ ✐s ❜♦✉♥❞❡❞ s✉✣❝✐❡♥t❧② t✐❣❤t✱ t❤❡♥ t❤❡ s✉❝❝❡ss✐✈❡ ❛♣♣r♦①✐♠❛t✐♦♥s ✇✐❧❧ ❣❡t ❝❧♦s❡r t♦
t❤❡ r♦♦t ❡❛❝❤ t✐♠❡✱ ♠♦r❡♦✈❡r✱ t❤❡ ♣r♦❝❡ss ✇✐❧❧ ❝♦♥✈❡r❣❡ t♦ t❤❡ r♦♦t✳
✸✳✷✳ ❚❤❡ ❢♦r♠❛❧ ♣r♦♦❢
❆s st❛t❡❞ ❜❡❢♦r❡✱ ❈♦q ❝♦♥t❛✐♥s ❛ ❧✐❜r❛r② ✇✐t❤ r❡s✉❧ts ❛❜♦✉t r❡❛❧ ♥✉♠❜❡rs✳ ❚❤❡ ❢♦r♠❛❧✐③❛t✐♦♥ ♦❢ r❡❛❧s ✐♥
t❤✐s st❛♥❞❛r❞ ❧✐❜r❛r② ✐s ❛①✐♦♠❛t✐❝ ❛♥❞ ❞♦♥❡ ✐♥ ❝❧❛ss✐❝❛❧ ❧♦❣✐❝✳ ❚❤❡ ❧✐❜r❛r② ❝♦♥t❛✐♥s ♠♦st ♦❢ t❤❡ r❡s✉❧ts
♥❡❡❞❡❞ ✐♥ t❤❡ ♣r♦♦❢✳ ❚❤❡ ✇♦r❦ ❛❝❝♦♠♣❧✐s❤❡❞ ✇❛s ♠❛✐♥❧② ❝♦♥❞✉❝t❡❞ ✐♥ t✇♦ ❞✐r❡❝t✐♦♥s✿ ♣r♦✈✐❞✐♥❣ r❡s✉❧ts
♥♦t ❢♦✉♥❞ ✐♥ t❤❡ st❛♥❞❛r❞ ❧✐❜r❛r② Reals ❛♥❞ ♣r♦✈✐♥❣ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ t❤❡♦r❡♠✳ ❉✉r✐♥❣ t❤✐s ✇♦r❦✱
✇❡ ❛❧s♦ tr✐❡❞ t♦ ✉♥❞❡rst❛♥❞ ✇❤❡r❡ ❞✐✣❝✉❧t✐❡s ❛r✐s❡ ✐♥ s✉❝❤ ❛ ❞❡✈❡❧♦♣♠❡♥t ❛♥❞ ✇❤❛t ❝♦✉❧❞ ❜❡ ❞♦♥❡ t♦
❢❛❝✐❧✐t❛t❡ s✉❝❤ ♣r♦♦❢s✳ ❆♥ ✐♥t❡r❡st✐♥❣ ✐ss✉❡ ✇❛s ✇♦r❦✐♥❣ ✇✐t❤ ❞❡r✐✈❛t✐✈❡s✳
✸✳✷✳✶✳ ❉❡r✐✈❛t✐♦♥
▲❡t f : R → R ❜❡ ❛ ❞❡r✐✈❛❜❧❡ ❢✉♥❝t✐♦♥ ♦♥ [a, b]✳ ✏❖♥ ♣❛♣❡r✑ ✇❡ ❝❛♥ ✇r✐t❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ◆❡✇t♦♥✬s
s❡q✉❡♥❝❡ x(n+1) = x(n) − f(x
(n))
f ′(x(n))
✱ ✇✐t❤♦✉t ✇♦rr②✐♥❣ ✇❤❡t❤❡r t❤❡ t❡r♠ x(n) ✐s ✐♥ t❤❡ ✐♥t❡r✈❛❧ [a, b] ✭s♦
✶✾
P❛➩❝❛
t❤❛t ✇❡ ❦♥♦✇ t❤❡ ❞❡r✐✈❛t✐✈❡ ❛❝t✉❛❧❧② ❡①✐sts✮✳ ❍♦✇❡✈❡r✱ t❤❡ ❢♦r♠❛❧✐③❛t✐♦♥ ♦❢ ❞❡r✐✈❛t✐✈❡s ✐♥ ❈♦q r❡q✉✐r❡s
t❤❛t ✇❤❡♥ ♦♥❡ t❛❧❦s ❛❜♦✉t t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ ❛ ❢✉♥❝t✐♦♥ ✐♥ ❛ ♣♦✐♥t✱ ♦♥❡ ❤❛s t♦ ♣r♦✈✐❞❡ ❛ t❡r♠ t❤❛t
st❛t❡s t❤❛t t❤❡ ❢✉♥❝t✐♦♥ ✐s ❛❝t✉❛❧❧② ❞❡r✐✈❛❜❧❡ ❛t t❤❛t ♣♦✐♥t✳ ❚❤❡ ❣♦❛❧ ✐s t♦ ❡♥s✉r❡ t❤❛t ❞❡r✐✈❛t✐✈❡s ❛r❡
♣r♦♣❡r❧② ✉s❡❞✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤✐s ✐s ❛♥ ✐♥❝♦♥✈❡♥✐❡♥❝❡ ✇❤❡♥ ♠❛♥✐♣✉❧❛t✐♥❣ ❞❡r✐✈❛t✐✈❡s✳
❚❤❡ ✇❛② ✇❡ ✇♦r❦❡❞ ❛r♦✉♥❞ t❤✐s ♣❛rt✐❝✉❧❛r ✐♠♣❡❞✐♠❡♥t ✐s ❜② ❞❡✜♥✐♥❣ ❛ t♦t❛❧ ❢✉♥❝t✐♦♥ t♦ ✉s❡ ✐♥ t❤❡
❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ s❡q✉❡♥❝❡ ❛♥❞ t❤❡♥ s❛② t❤❛t ♦♥ ✐♥t❡r✈❛❧ [a, b] t❤✐s ❢✉♥❝t✐♦♥ ✐s ❡q✉❛❧ t♦ t❤❡ ❞❡r✐✈❛t✐✈❡
♦❢ f ✳ ❚❤✐s ❡♥❛❜❧❡s ✉s t♦ ❞❡✜♥❡ ♦✉r ❝♦♥❝❡♣ts ❛♥❞ ❛t t❤❡ s❛♠❡ t✐♠❡ ♣r❡✈❡♥ts ✉s ❢r♦♠ ✉s✐♥❣ ♣r♦♣❡rt✐❡s
♦❢ t❤❡ ❞❡r✐✈❛t✐✈❡ ✐♥ ❛ ♣♦✐♥t ❜❡❢♦r❡ ♣r♦✈✐♥❣ t❤❡ ❢✉♥❝t✐♦♥ ✐s ❞❡r✐✈❛❜❧❡ t❤❡r❡✳
✸✳✷✳✷✳ ❍✐❣❤❡r ♦r❞❡r ❞❡r✐✈❛t✐✈❡s
❆♥♦t❤❡r ✐ss✉❡ t❤❛t ❢♦r t❤❡ ♠♦♠❡♥t r❡♠❛✐♥s ✉♥r❡s♦❧✈❡❞ ✐s t❤❛t ♦❢ ❤✐❣❤❡r ♦r❞❡r ❞❡r✐✈❛t✐✈❡s✳ ❚❤✐s ✐s
♦♥❡ ♦❢ t❤❡ r❡❛s♦♥s ❢♦r ✇❤✐❝❤ ✇❡ ❝❤♦s❡ t♦ ❣❡♥❡r❛❧✐③❡ t❤❡ st❛t❡♠❡♥t ♦❢ t❤❡ t❤❡♦r❡♠✳ ❲❡ ❞✐❞ ♥♦t ✇❛♥t
t♦ t❛❧❦ ❛❜♦✉t t❤❡ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡ ❜❡❝❛✉s❡ ❛t t❤✐s ♠♦♠❡♥t ✐♥ ❈♦q ✐t ❝❛♥ ❜❡ r❡❢❡rr❡❞ t♦ ♦♥❧② ❛s t❤❡
❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ✜rst ❞❡r✐✈❛t✐✈❡✳ ❚❤✐s r❡♥❞❡rs ✐ts ✉s❡ r❛t❤❡r t❡❞✐♦✉s✳ ❲❡ ✇♦✉❧❞ ♣r❡❢❡r ❤❛✈✐♥❣ ❛ ❣❡♥❡r❛❧
♠❡❝❤❛♥✐s♠ ❢♦r ❞❡❛❧✐♥❣ ✇✐t❤ ❞❡r✐✈❛t✐✈❡s✳
✸✳✷✳✸✳ ❙t❛t❡♠❡♥t ♦❢ t❤❡ t❤❡♦r❡♠
❋♦r t❤❡ ❛❝t✉❛❧ ♣r♦♦❢ ♦❢ t❤❡ t❤❡♦r❡♠ ✇❡ ✇❡r❡ ❛❜❧❡ t♦ ❢♦❧❧♦✇ r❛t❤❡r ❛❝❝✉r❛t❡❧② t❤❡ ✏♣r♦♦❢ ♦♥ ♣❛♣❡r✑✳ ❚❤❡
❈♦q ♣r♦♦❢ ❛ss✐st❛♥t ♣♦ss❡ss❡s s♦♠❡ t❛❝t✐❝s t❤❛t ❤❡❧♣ ❛✉t♦♠❛t✐③❡ st❡♣s ✐♥ t❤❡ ♣r♦♦❢ ❞❡❛❧✐♥❣ ✇✐t❤ ❡q✉❛❧✐t②
r❡❧❛t✐♦♥s ✭❡✳❣ ring✱ field✮✱ ✇✐t❤ ✐♥❡q✉❛❧✐t✐❡s ♦♥ t❤❡ r❡❛❧ ♥✉♠❜❡rs ✭fourier✮ ♦r ✇✐t❤ ❞✐✛❡r❡♥t✐❛t✐♦♥
r✉❧❡s ✭reg✮✳ ❚❤❡② ♠❛❞❡ ❛ ❜✐❣ ❞✐✛❡r❡♥❝❡ ✐♥ t❤❡ ❛♠♦✉♥t ♦❢ ✇♦r❦ t❤❛t ❤❛❞ t♦ ❜❡ ❛❝❝♦♠♣❧✐s❤❡❞✳
❚❤❡ st❛t❡♠❡♥ts ♦❢ t❤❡ ♠❛✐♥ ❧❡♠♠❛s ❛r❡ ❣✐✈❡♥ ❜❡❧❧♦✇✳ ■♥ t❤❡ ❝♦❞❡✱ t❤❡ Variable ❞❡❝❧❛r❛t✐♦♥s
❞❡s❝r✐❜❡ ♦❜❥❡❝ts t❤❛t ❛r❡ ❛ss✉♠❡❞ t♦ ❡①✐st✱ t❤❡ Hypothesis ❞❡❝❧❛r❛t✐♦♥s ❞❡s❝r✐❜❡ ♣r♦♣❡rt✐❡s t❤❛t ❛r❡
❛ss✉♠❡❞ t♦ ❤♦❧❞ ❛♥❞ t❤❡ Fixpoint ❞❡❝❧❛r❛t✐♦♥ ❞❡✜♥❡s t❤❡ ◆❡✇t♦♥ s❡q✉❡♥❝❡ ❛s ❛ r❡❝✉rs✐✈❡ ❢✉♥❝t✐♦♥✳
Variables a b:R. ✭∗ t❤❡ ❡♥❞s ♦❢ t❤❡ ✐ ♥ t ❡ r ✈ ❛ ❧ ∗✮
Variables f f’:R→R. ✭∗ t❤❡ ❢✉♥❝ t ✐♦♥ ❛♥❞ ✐ t s ❞ ❡ r ✐ ✈ ❛ t ✐ ✈ ❡ ∗✮
Variables A0 B0 C:R. ✭∗ t❤❡ ❝♦♥st❛♥ts ❢r♦♠ t❤❡ t❤❡♦r❡♠ ∗✮
Variable X0:R. ✭∗ t❤❡ ✐ ♥ ✐ t ✐ ❛ ❧ ❛♣♣r♦①✐♠❛t✐♦♥ ∗✮
Fixpoint Xn (n:nat): R := ✭∗ t❤❡ ◆❡✇t♦♥ s❡q✉❡♥❝❡ ∗✮
match n with
| 0 => X0
|S n => (Xn n) - (f (Xn n))/(f’ (Xn n))
end.
✭∗ t❤❡ ❤②♣♦ t❤❡s ✐ s ♦♥ t❤❡ ❢✉♥❝ t ✐♦♥ ❛♥❞ t❤❡ ❝♦♥st❛♥ts ∗✮
Hypothesis pr: ∀ t:R, c_I a b t → derivable_pt f t.
Hypothesis Hder_f: ∀ (t:R)(H:c_I a b t), derive_pt f t (pr t H)=f’ t.
Hypothesis Hcont_f’:∀ y, (c_I a b y) → continuity_pt f’ y.
Hypothesis Hlim_f’:∀ y1 y2:R, c_I a b y1 → c_I a b y2 →
Rabs (f’ y1 - f’ y2) ≤ c * (Rabs (y1-y2)).
Hypothesis Hincl:included (c_disc X0 eps) (c_I a b).
Hypothesis Hdif_f’:f’ X0 6= 0 .
Hypothesis Habs_a: Rabs (/(f’ X0)) ≤ A0.
Hypothesis Habs_b:Rabs (f X0/(f’ X0)) ≤ B0 .
Hypothesis A0_b0_c: 2*A0*B0*C≤1.
✭∗ t❤❡ t❤❡♦r❡♠ s t ❛ t ✐ ♥ ❣ t❤❡ ❡① ✐ s t ❡♥❝❡ ∗✮
Theorem kantoro_exist_b:
∃ xs:R, Un_cv Xn xs ∧ c_disc X0 (2*b0) xs ∧ f xs = 0.
✷✵
❆ ❋♦r♠❛❧ ❱❡r✐✜❝❛t✐♦♥ ❢♦r ❑❛♥t♦r♦✈✐t❝❤✬s ❚❤❡♦r❡♠
✭∗ ✉♥✐q✉❡♥❡ss ♦ ❢ t❤❡ s♦ ❧ ✉ t ✐ ♦♥ ∗✮
Theorem kantoro_unic:
∀ xs2:R, c_disc X0 (2*b0) xs2→ f xs2 = 0 → Un_cv Xn xs2.
❚♦ ❝❧❛r✐❢② t❤❡ st❛t❡♠❡♥ts ❛❜♦✈❡✱ ✇❡ ♠❡♥t✐♦♥ t❤❛t c❴I a b ❛♥❞ c❴disc X0 eps ❞❡♥♦t❡ t❤❡ ❝❧♦s❡❞
✐♥t❡r✈❛❧ [a, b] ❛♥❞ t❤❡ ❝❧♦s❡❞ ❞✐s❝ ❝❡♥t❡r❡❞ ✐♥ X0 ❛♥❞ ♦❢ r❛❞✐✉s esp✱ r❡s♣❡❝t✐✈❡❧②✳ ❍②♣♦t❤❡s✐s pr s❛②s t❤❛t
❢✉♥❝t✐♦♥ f ✐s ❞❡r✐✈❛❜❧❡ ♦♥ ✐♥t❡r✈❛❧ [a, b]✱ ❤②♣♦t❤❡s✐s Hder❴f st❛t❡s t❤❛t f ′ ✐s ❡q✉❛❧ t♦ t❤❡ ❞❡r✐✈❛t✐✈❡
♦❢ f ♦♥ t❤❡ s❛♠❡ ✐♥t❡r✈❛❧✳ ❚❤❡ ❝♦♥t✐♥✉✐t② ❛♥❞ t❤❡ ❜♦✉♥❞✐♥❣ ❝♦♥❞✐t✐♦♥ r❡q✉✐r❡❞ ❢♦r t❤❡ ❞❡r✐✈❛t✐✈❡ ❛r❡
❢♦r♠❛❧✐③❡❞ ❜② Hcont❴f ′ ❛♥❞ Hlim❴f ′✳
❚❤❡ ♣r♦♦❢ ✐s ❞♦♥❡ ✐♥ ❝❧❛ss✐❝❛❧ ❧♦❣✐❝✱ ❜✉t ✇❡ ❜❡❧✐❡✈❡ t❤❛t ❛❧❧ r❡❛s♦♥✐♥❣ ✉s❡❞ ❝❛♥ ❜❡ ♠❛❞❡ ❝♦♥str✉❝t✐✈❡✳
❚❤❡ ❞❡✈❡❧♦♣♠❡♥t ❤❛s ❛r♦✉♥❞ ✶✽✵✵ ❧✐♥❡s ❛♥❞ ❝❛♥ ❜❡ ❢♦✉♥❞ ♦♥ ■♥t❡r♥❡t ✶✳
✹✳ ▼✉❧t✐✈❛r✐❛t❡ ❛♥❛❧②s✐s
❚❤❡ ♠❛✐♥ ❞✐✣❝✉❧t② ✇❛s t♦ ❣❡♥❡r❛❧✐③❡ t❤❡ ✇♦r❦ ❞♦♥❡ ❢♦r t❤❡ r❡❛❧ ❢✉♥❝t✐♦♥ ❝❛s❡ t♦ s❡✈❡r❛❧ ❞✐♠❡♥s✐♦♥s✳
▼❛t❤❡♠❛t✐❝❛❧❧②✱ t❤❡ ❡❧❡♠❡♥ts ♦❢ Rp ❛r❡ ✈❡❝t♦rs ♦❢ ❧❡♥❣t❤ p ♦❢ r❡❛❧ ❡❧❡♠❡♥ts✳ ❖♣❡r❛t✐♦♥s ❧✐❦❡ ❛❞❞✐t✐♦♥
♦❢ t✇♦ ✈❡❝t♦rs ✭✰✮ ❛♥❞ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦❢ ❛ ✈❡❝t♦r ❜② ❛ s❝❛❧❛r ✭✯✮ ❛r❡ ❞❡✜♥❡❞ ❝♦♠♣♦♥❡♥t ✇✐s❡✱ ✉s✐♥❣
t❤❡ ♦♣❡r❛t✐♦♥s ♦♥ t❤❡ r❡❛❧ ♥✉♠❜❡rs s♦ t❤❛t (Rp,+, ∗) ✐s ❛ r❡❛❧ ✈❡❝t♦r s♣❛❝❡✳ ❖♥❡ ❝❛♥ ❢✉rt❤❡r ❞❡✜♥❡
✈❛r✐♦✉s ♥♦r♠s ♦♥ t❤❡s❡ ✈❡❝t♦rs✳ ❆♥ ✐♠♣♦rt❛♥t ✐ss✉❡ ✐s ✇♦r❦✐♥❣ ✇✐t❤ ❢✉♥❝t✐♦♥s f : Rp → Rp ❛♥❞ ❜❡✐♥❣
❛❜❧❡ t♦ ❡①♣r❡ss ❝♦♥❝❡♣ts s✉❝❤ ❛s ❝♦♥t✐♥✉✐t② ❛♥❞ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s ♦❢ s✉❝❤ ❢✉♥❝t✐♦♥s✳ ❆♥ ✐♠♣♦rt❛♥t
❛♠♦✉♥t ♦❢ ✇♦r❦ ❝♦♥❝❡r♥s ♠❛tr✐❝❡s✱ ❛s s♦♠❡ ❞✐✛❡r❡♥t✐❛t✐♦♥ ❝♦♥❝❡♣ts ❛r❡ ❡①♣r❡ss❡❞ ✉s✐♥❣ t❤❡♠ ✭❡✳❣✳
t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① ♦❢ ❛ ❢✉♥❝t✐♦♥✮✳
✹✳✶✳ ❍♦✇ t♦ ✇♦r❦ ✐♥ ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥s
✹✳✶✳✶✳ ❘❡❧❛t❡❞ ✇♦r❦
❚❤❡ ♦♥❧② ♣r♦♦❢ ❛ss✐st❛♥t t❤❛t ❝♦♥t❛✐♥s ❛ ❢♦r♠❛❧✐③❛t✐♦♥ ♦❢ ❛♥❛❧②s✐s ✐♥ s❡✈❡r❛❧ ❞✐♠❡♥s✐♦♥s ✐s ❍❖▲
▲✐❣❤t✳ ❆♠♦♥❣ t❤❡ ❝♦♥❝❡♣ts t❤❛t ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡ ✏▼✉❧t✐✈❛r✐❛t❡✑ ❧✐❜r❛r② ✇❡ ❝❛♥ ♠❡♥t✐♦♥ ✈❡❝t♦rs✱
♠❛tr✐❝❡s✱ ❞❡t❡r♠✐♥❛♥ts✱ t♦♣♦❧♦❣② ❝♦♥❝❡♣ts ❢♦r ❡✉❝❧✐❞❡❛♥ s♣❛❝❡s✱ ❝♦♥✈❡①✐t②✱ ❝♦♥t✐♥✉✐t②✱ ❞✐✛❡r❡♥t✐❛❜✐❧✐t②✱
✐♥t❡❣r❛t✐♦♥✳ ❆ ❞♦❝✉♠❡♥t❛t✐♦♥ ♦❢ t❤✐s ❧✐❜r❛r② ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✶✺❪✳ ■t ❞✐s❝✉ss❡s t❤❡ t❡❝❤♥✐q✉❡s t❤❛t
❝♦✉❧❞ ❜❡ ✉s❡❞ ❢♦r ❡①♣r❡ss✐♥❣ ❝♦♥❝❡♣ts ✐♥ ♠✉❧t✐✈❛r✐❛t❡ ❝❛❧❝✉❧✉s✳
❚❤❡ str❛t❡❣② ❝❤♦s❡♥ ✐s t♦ ✐♠♣❧❡♠❡♥t ✈❡❝t♦rs ❛s ❢✉♥❝t✐♦♥s N → real✱ ✇❤❡r❡ ◆ ✐s ❛ t②♣❡ ✇✐t❤ ✜♥✐t❡
❝❛r❞✐♥❛❧✐t② ❛♥❞ real ✐s t❤❡ t②♣❡ ♦❢ r❡❛❧ ♥✉♠❜❡rs ✐♥ ❍❖▲✳ ❱❡❝t♦rs ❛r❡ ♦❢ t②♣❡ (N)finite❴image → real✱
✇❤❡r❡ (N)finite❴image ❤❛s t❤❡ s❛♠❡ s✐③❡ ❛s N ✇❤❡♥ N ✐s ❛ ✜♥✐t❡ t②♣❡ ❛♥❞ ✶ ♦t❤❡r✇✐s❡✳ ❆♥ ✐♥❞❡①✐♥❣
♦♣❡r❛t♦r ✐s ❞❡✜♥❡❞ t♦ ✉s❡ ♥❛t✉r❛❧ ♥✉♠❜❡rs ❛s ✐♥❞❡①❡s✳
❲✐t❤✐♥ t❤✐s ❢♦r♠❛❧✐③❛t✐♦♥✱ ❜❛s✐❝ ♦♣❡r❛t✐♦♥s ♦♥ ✈❡❝t♦rs ❛r❡ ❡❛s✐❧② ❞❡✜♥❡❞✳ ❚❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢
♦t❤❡r ❞❡✜♥✐t✐♦♥s ❛♥❞ ♣r♦♣❡rt✐❡s ✐s ❞❡s❝r✐❜❡❞✳ ❚❤❡r❡ ❛r❡ ❝♦♥❝❡♣ts ❢r♦♠ ❧✐♥❡❛r ❛❧❣❡❜r❛✿ ♦♣❡r❛t♦rs✱
♠❛tr✐❝❡s✱ ❞❡t❡r♠✐♥❛♥ts❀ t♦♣♦❧♦❣②✿ ♦♣❡♥✱ ❝❧♦s❡❞✱ ❝♦♠♣❛❝t✱ ❝♦♥✈❡① s❡ts✱ s❡q✉❡♥❝❡s✱ ❝♦♥t✐♥✉✐t②✱
❞✐✛❡r❡♥t✐❛❜✐❧✐t②❀ ❜❛s✐❝ ❝❛❧❝✉❧✉s t❤❡♦r❡♠s✿ ♠❡❛♥ ✈❛❧✉❡ t❤❡♦r❡♠✱ ✐♥✈❡rs❡ ❢✉♥❝t✐♦♥ t❤❡♦r❡♠✳
✹✳✶✳✷✳ ❆♣♣r♦❛❝❤❡s ❢♦r ❈♦q
❚❤❡ ♠❛✐♥ ❝❤❛❧❧❡♥❣❡ ✐s t♦ ✜♥❞ ❛♥ ❛♣♣r♦♣r✐❛t❡ r❡♣r❡s❡♥t❛t✐♦♥ ❢♦r r❡❛❧ ✈❡❝t♦rs ✐♥s✐❞❡ t❤❡ ❈♦q ♣r♦♦❢
❛ss✐st❛♥t✳ ■t ✐s ✇♦rt❤ tr②✐♥❣ t♦ ✜♥❞ ♥❡✇ s♦❧✉t✐♦♥s ❛♥❞ ♥♦t ❥✉st ❝♦♣②✐♥❣ t❤❡ ❍❖▲ ✈❡rs✐♦♥ s✐♥❝❡ ❈♦q
❤❛s ❛ r✐❝❤❡r t②♣❡ s②st❡♠ t❤❛t s✉♣♣♦rts ❞❡♣❡♥❞❡♥t t②♣❡s ❛♥❞ t❤❡r❡❢♦r❡ ♦✛❡rs ♠♦r❡ ♣♦ss✐❜✐❧✐t✐❡s✳
❚❛❦✐♥❣ ✐♥t♦ ❝♦♥s✐❞❡r❛t✐♦♥ s♦♠❡ ❦❡② ✐ss✉❡s ♦❢ t❤❡ ❝♦♥❝❡♣ts ✇❡ ♥❡❡❞ t♦ ❢♦r♠❛❧✐③❡ ❛♥❞ t❤❡ ❢❡❛t✉r❡s ♦❢
♦✉r t❤❡♦r❡♠ ♣r♦✈❡r✱ ✇❡ t♦♦❦ ❛ ❝❧♦s❡r ❧♦♦❦ ❛t ❢♦✉r ❛♣♣r♦❛❝❤❡s t❤❛t s❡❡♠❡❞ ❣♦♦❞ ❝❛♥❞✐❞❛t❡s✳
✶❤tt♣✿✴✴✇✇✇✲s♦♣✳✐♥r✐❛✳❢r✴♠❛r❡❧❧❡✴■♦❛♥❛✳P❛s❝❛✴❦❛♥t♦r♦✳✈ ✭t❤❡ ❝♦❞❡ ✇♦r❦s ✇✐t❤ ✈❡rs✐♦♥ ✽✳✶♣❧✷ ♦❢ ❈♦q✮
✷✶
P❛➩❝❛
✶✳ ❊❧❡♠❡♥ts ♦❢ Rp ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s ❢✉♥❝t✐♦♥s ♦❢ t②♣❡ nat → R✱ t❤❛t t❛❦❡ ❛s ❛r❣✉♠❡♥t ❛ ♥❛t✉r❛❧
♥✉♠❜❡r ❛♥❞ r❡t✉r♥ t❤❡ r❡❛❧ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❛t ♣♦s✐t✐♦♥ ✐♥ t❤❡ ✈❡❝t♦r✳ ❚❤❡♥ ✇❡ s❛② ✇❡ t❛❦❡
✐♥t♦ ❝♦♥s✐❞❡r❛t✐♦♥ ♦♥❧② t❤❡ ✜rst p ❝♦♠♣♦♥❡♥ts ✭✐✳❡✳ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♥❛t✉r❛❧ ♥✉♠❜❡rs s♠❛❧❧❡r
t❤❛♥ p✮✳ ❲♦r❦✐♥❣ ✇✐t❤ s✉❝❤ ❛♥ ❛♣♣r♦❛❝❤ ♣r♦✈✐❞❡s ❛ r❛t❤❡r ♥❛t✉r❛❧ ✇❛② ♦❢ ❤❛♥❞❧✐♥❣ t❤❡ ♦❜❥❡❝ts✳
❋♦r ❡①❛♠♣❧❡✱ t❤❡ ♥♦r♠ ✐s ❥✉st ❛ r❡❝✉rs✐✈❡ ❢✉♥❝t✐♦♥✳
❚❤❡ ♣r♦♦❢ t❡❝❤♥✐q✉❡ ♠♦st❧② ✉s❡❞ ✐s ✐♥❞✉❝t✐♦♥ ♦♥ ♥❛t✉r❛❧ ♥✉♠❜❡rs✳
❚❤❡ ❞✐s❛❞✈❛♥t❛❣❡ ✐s t❤❛t✱ ✐♥ ❢❛❝t✱ ♦✉r ❢✉♥❝t✐♦♥s r❡♣r❡s❡♥t ✐♥✜♥✐t❡ ✈❡❝t♦rs✳ ■t ✐s ❞✐✣❝✉❧t t♦ st❛t❡
❡q✉❛❧✐t② ❜❡t✇❡❡♥ s✉❝❤ ♦❜❥❡❝ts✳
✷✳ ❚❤✐♥❦ ♦❢ ✈❡❝t♦rs ❛s ❛ ❢✉♥❝t✐♦♥ bound p → R✱ ✇❤❡r❡ bound p ✐s ❛ t②♣❡ ♦❢ ❞❡♣❡♥❞❡♥t ♣❛✐rs ❢♦r♠❡❞
❢r♦♠ ❛ ♥❛t✉r❛❧ ♥✉♠❜❡r i ❛♥❞ ❛ ♣r♦♦❢ t❤❛t i ✐s s♠❛❧❧❡r t❤❛♥ p✳ ❚❤✐s r❡♣r❡s❡♥t❛t✐♦♥ r❛✐s❡s ♣r♦❜❧❡♠s
❡✈❡♥ ❛t ❡❛r❧② st❛❣❡s ♦❢ ❞❡✈❡❧♦♣♠❡♥t✳ ❋♦r ❡①❛♠♣❧❡✱ ✐❢ ♦♥❡ tr✐❡s t♦ ❞❡✜♥❡ ❛ ❢✉♥❝t✐♦♥ t❤❛t t❛❦❡s
❛s ❛r❣✉♠❡♥t ❛ ✈❡❝t♦r ❛♥❞ r❡t✉r♥s ✐ts ♠❛①✐♠✉♠ ❡❧❡♠❡♥t✱ t❤❡ ✜rst ❛tt❡♠♣t ✇♦✉❧❞ ❜❡ t♦ ✇r✐t❡ ✐t
❛s ❛ r❡❝✉rs✐✈❡ ❢✉♥❝t✐♦♥✿ t❤❡ ♠❛①✐♠✉♠ ❜❡t✇❡❡♥ t❤❡ ith ❡❧❡♠❡♥t ❛♥❞ t❤❡ ♠❛①✐♠✉♠ ♦❢ t❤❡ ✈❡❝t♦r
❝♦♠♣♦s❡❞ ♦❢ t❤❡ ✜rst i − 1 ❡❧❡♠❡♥ts✳ ❚❤❡ ♣r♦❜❧❡♠ ❤❡r❡ ✐s t❤❛t ✇❤❡♥ t❛❧❦✐♥❣ ❛❜♦✉t ✏✈❡❝t♦rs ♦❢
i−1 ❡❧❡♠❡♥ts✑ t❤❡② ❛r❡ ❛ ❞✐✛❡r❡♥t t②♣❡ t❤❛♥ t❤♦s❡ ✇✐t❤ i ❡❧❡♠❡♥ts ❛♥❞ t❤❡② ♠✉st ❜❡ ❝♦♥str✉❝t❡❞
❢r♦♠ ✏✈❡❝t♦rs ♦❢ i ❡❧❡♠❡♥ts✑ ❛s ♠✉st ❜❡ t❤❡ ♣r♦♦❢ t❤❛t t❤❡ ♥❛t✉r❛❧ ♥✉♠❜❡r ♣❛ss❡❞ ❛s ❛r❣✉♠❡♥t
✐s s♠❛❧❧❡r t❤❛♥ i − 1✳
✸✳ ❚❤❡ t❤✐r❞ ❛♣♣r♦❛❝❤ ✐s t♦ ✉s❡ t❤❡ ♥♦t✐♦♥s ♦♥ ✈❡❝t♦rs ❛♥❞ ♠❛tr✐❝❡s ❛❧r❡❛❞② ❞❡✈❡❧♦♣❡❞ ❜② ◆✐❝♦❧❛s
▼❛❣❛✉❞ ❬✶✽❪✱ ✇❤❡r❡ t❤❡ ✈❡❝t♦rs ❛r❡ ✐♠♣❧❡♠❡♥t❡❞ ❛s ❞❡♣❡♥❞❡♥t ❧✐sts✳ ❚❤❡r❡❢♦r❡✱ vect R p
r❡♣r❡s❡♥ts ❛ ❧✐st ❤❛✈✐♥❣ p ❡❧❡♠❡♥ts ♦❢ t②♣❡ R✳
❘❡❝✉rs✐♦♥ ♣r✐♥❝✐♣❧❡s ❛r❡ ❞❡✜♥❡❞ ❢♦r r❡❛s♦♥✐♥❣ ♦♥ t❤✐s str✉❝t✉r❡✳ ❆❧s♦✱ ❜❛s✐❝ ♦♣❡r❛t✐♦♥s s✉❝❤ ❛s
❛❞❞✐t✐♦♥✱ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② ❛ s❝❛❧❛r✱ s❝❛❧❛r ♣r♦❞✉❝t ❛r❡ ❞❡✜♥❡❞✳ ▼❛tr✐❝❡s ❛r❡ ✐♠♣❧❡♠❡♥t❡❞ ❛s
✈❡❝t♦rs ♦❢ ✈❡❝t♦rs ❛♥❞ r✐♥❣ str✉❝t✉r❡ ♣r♦♣❡rt✐❡s ❛r❡ ♣r♦✈❡❞✳ ❖♥❡ ♦❢ t❤❡ r❡❛s♦♥s ❢♦r ✇❤✐❝❤ ♣r♦♦❢s
❛r❡ ♥♦t ❡❛s② ✐♥ t❤✐s ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐s ❜❡❝❛✉s❡ ❡✈❡♥ ❜❛s✐❝ ❢✉♥❝t✐♦♥s✱ ❧✐❦❡ ✈❡❝t♦r ❛❞❞✐t✐♦♥✱ r❡q✉✐r❡
❝♦♠♣❧✐❝❛t❡❞ ❢♦r♠s ♦❢ ❞❡♣❡♥❞❡♥t r❡❝✉rs✐♦♥✳
✹✳ ❆♥♦t❤❡r ❛♣♣r♦❛❝❤ ✐s ✏❜♦rr♦✇❡❞✑ ❢r♦♠ ❛ ❞❡✈❡❧♦♣♠❡♥t ❜❛s❡❞ ♦♥ ❈♦q ✇✐t❤ t❤❡ ssreflect
❡①t❡♥s✐♦♥ ❛♥❞ ❧✐❜r❛r② ❬✶✶✱ ✶✷❪✳ ❆♠♦♥❣ ♦t❤❡r t❤✐♥❣s✱ ✐t ♣r♦✈✐❞❡s ❢♦r♠❛❧✐③❛t✐♦♥s ❢♦r ✈❛r✐♦✉s ✜♥✐t❡
t②♣❡s ❛♥❞ t❤❡✐r ♣r♦♣❡rt✐❡s✳ ❆ ✜♥✐t❡ t②♣❡ ✐s ❛ r❡❝♦r❞ ❝♦♥t❛✐♥✐♥❣ ❛ s♦rt✱ ❛ ❧✐st ♦❢ ❛❧❧ ❡❧❡♠❡♥ts ♦❢ t❤❡
✜♥✐t❡ t②♣❡ ❛♥❞ ❛ ♣r❡❞✐❝❛t❡ s❛②✐♥❣ t❤❛t t❤✐s ❧✐st ❞♦❡s♥✬t ❝♦♥t❛✐♥ ❞✉♣❧✐❝❛t❡s✳ ❲❡ ✉s❡❞ t❤❡ ✜♥✐t❡
t②♣❡ ordinal p ✇❤✐❝❤ r❡♣r❡s❡♥ts t❤❡ s❡t ♦❢ ♥❛t✉r❛❧ ♥✉♠❜❡rs s♠❛❧❧❡r t❤❛♥ p✳ ❚❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥
♦❢ ✜♥✐t❡ t②♣❡s ❛❧❧♦✇s ✉s t♦ ✐♥t❡r♣r❡t t❤✐s s✉❜s❡t ♦❢ ♥❛t✉r❛❧ ♥✉♠❜❡rs ❜♦t❤ ❛s ❛ t②♣❡ ❛♥❞ ❛s ❛ ❧✐st
♦❢ ❡❧❡♠❡♥ts✳ ❚❤❡ r❡❛❧ ✈❡❝t♦rs ❤❛✈❡ t②♣❡ ordinal p → R✳
❚❤❡ ♠♦st ✐♠♣♦rt❛♥t ❢❛❝✐❧✐t② ♦✛❡r❡❞ ❜② t❤✐s ❛♣♣r♦❛❝❤ ✐s ❛ ❞✉❛❧ ✈✐s✐♦♥ ♦❢ t❤❡ ✈❡❝t♦rs✱ ♠♦r❡ ♣r❡❝✐s❡❧②✱
♦❢ t❤❡ s❡t t❤❛t ✐♥❞❡①❡s t❤❡ ❡❧❡♠❡♥ts ♦❢ ❛ ✈❡❝t♦r✳ ■t ❝♦♠❜✐♥❡s t❤❡ ✈✐❡✇s ♦❢ t❤❡ ♣r❡✈✐♦✉s ❛♣♣r♦❛❝❤❡s✳
❙♦ ✇❡ ❤❛✈❡ ❛ s✐♠♣❧❡ ✇❛② ♦❢ ✈✐❡✇✐♥❣ t❤❡ ✈❡❝t♦rs ❛s ❢✉♥❝t✐♦♥s ✭❛s ✐♥ t❤❡ ✜rst ♦r s❡❝♦♥❞ ❛♣♣r♦❛❝❤✮✱
✇❡ ❝❛♥ ❞❡✜♥❡ t❤❡✐r ❧❡♥❣t❤ ✭p✮ ❛♥❞ ✇❡ ❤❛✈❡ ❛ ✇❛② ♦❢ r❡❛s♦♥✐♥❣ ♦♥ t❤❡ ❞❛t❛ str✉❝t✉r❡✿ ✐♥❞✉❝t✐♦♥
♦♥ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ❧✐st ✭❧✐❦❡ ✐♥ t❤❡ t❤✐r❞ ❛♣♣r♦❛❝❤✮❡♥✉♠❡r❛t✐♥❣ t❤❡ ❡❧❡♠❡♥ts ♦❢ ordinal p✳
❇❡❝❛✉s❡ ✈❡❝t♦rs ❛r❡ ❥✉st ❢✉♥❝t✐♦♥s✱ ♦♥❡ ❤❛s ❡❛s② ❛❝❝❡ss ❛t t❤❡✐r ❡❧❡♠❡♥ts✱ ❥✉st ❜② ♣r♦✈✐❞✐♥❣ t❤❡
✐♥❞❡① ❛♥❞ ❡q✉❛❧✐t② ❜❡t✇❡❡♥ t✇♦ ✈❡❝t♦rs ❝❛♥ ❜❡ st❛t❡❞ ❜② ❛ss✉♠✐♥❣ ❡①t❡♥s✐♦♥❛❧✐t②✳
❈♦♥❝❧✉s✐♦♥✳ ❲❡ t❡st❡❞ ❛♥❞ ❝♦♠♣❛r❡❞ t❤❡ ❢♦✉r ❛♣♣r♦❛❝❤❡s ❜② ❞❡✜♥✐♥❣ t❤❡ ❜❛s✐❝ ❝♦♥❝❡♣ts ✐♥ ❡❛❝❤ ♦❢
t❤❡♠✳ ❲❡ ❢♦r♠❛❧✐③❡❞ ✈❡❝t♦rs✱ ♠❛tr✐❝❡s✱ ♥♦r♠s✱ ❢✉♥❝t✐♦♥s ❛♥❞ tr✐❡❞ t♦ ❞♦ s✐♠♣❧❡ ♣r♦♦❢s ❛r♦✉♥❞ t❤❡♠ s♦
✇❡ ✇♦✉❧❞ ❜❡ ❛❜❧❡ t♦ ✉♥❞❡rst❛♥❞ t❤❡ ❛❞✈❛♥t❛❣❡s ❛♥❞ ❞✐✣❝✉❧t✐❡s t❤❛t ♦❝❝✉r✳ ❲❡ t♦♦❦ ✐♥t♦ ❝♦♥s✐❞❡r❛t✐♦♥
❤♦✇ ❡❛s② ✐t ✐s t♦ ✇♦r❦ ✇✐t❤ t❤❡ ❝♦♥❝❡♣ts ❛♥❞ ❤♦✇ ❛❝❝✉r❛t❡ t❤❡② r❡♣r❡s❡♥t t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ♦❜❥❡❝ts
❛♥❞ ✇❡ ❞❡❝✐❞❡❞ t♦ ❝♦♥t✐♥✉❡ t❤❡ ❢♦r♠❛❧✐③❛t✐♦♥ ✐♥ t❤❡ ❧✐♥❡s ♦❢ t❤❡ ❧❛st ❛♣♣r♦❛❝❤ ♣r♦♣♦s❡❞✳
✹✳✷✳ ❚❤❡ ❢♦r♠❛❧✐③❡❞ ❝♦♥❝❡♣ts
❋♦r ♦✉r ✇♦r❦ ✐♥ t❤❡ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ ✇❡ ❛r❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡tt✐♥❣s✿ ❈♦q ✇✐t❤ t❤❡ ssreflect
❡①t❡♥s✐♦♥ ❛♥❞ ❧✐❜r❛r②✱ Reals ❧✐❜r❛r② ✭✇❤✐❝❤ ✐♠♣❧✐❡s t❤❡ ✉s❡ ♦❢ ❝❧❛ss✐❝❛❧ ❧♦❣✐❝✮✱ t❤❡ ❡①t❡♥s✐♦♥❛❧✐t②
✷✷
❆ ❋♦r♠❛❧ ❱❡r✐✜❝❛t✐♦♥ ❢♦r ❑❛♥t♦r♦✈✐t❝❤✬s ❚❤❡♦r❡♠
♣r♦♣❡rt② ❛♥❞ t❤❡ ❛①✐♦♠ ♦❢ ❝❤♦✐❝❡✳ ❲❡ ❤❛✈❡ ❡①♣❧❛✐♥❡❞ ❛❜♦✈❡ ♦✉r ❞❡❝✐s✐♦♥ t♦ ✉s❡ ssreflect ❛♥❞ t❤❡
❧✐❜r❛r✐❡s ❞❡✈❡❧♦♣❡❞ ♦♥ ✐t✳ ❚❤❡ ♠❛✐♥ r❡❛s♦♥ ❢♦r ❛ss✉♠✐♥❣ ❣❡♥❡r❛❧ ❡①t❡♥s✐♦♥❛❧✐t② ✐s t♦ ❜❡ ❛❜❧❡ t♦ st❛t❡
❡q✉❛❧✐t② ❜❡t✇❡❡♥ t✇♦ ✈❡❝t♦rs ♦r ♠❛tr✐❝❡s✳ ❚❤❡ ❝❧❛ss✐❝❛❧ ❧♦❣✐❝ s❡tt✐♥❣s ❛r❡ ✐♠♣♦s❡❞ ❜② t❤❡ ✉s❡ ♦❢ t❤❡
Reals ❧✐❜r❛r② ❛♥❞ ✐t ❛❧❧♦✇s ✉s t♦ ♣r♦✈❡ ♠♦r❡ r❡s✉❧ts t❤❛♥ ✐♥ ❛♥ ✐♥t✉✐t✐♦♥✐st✐❝ s❡tt✐♥❣✳ ❚❤❡ ❛①✐♦♠ ♦❢
❝❤♦✐❝❡ ❤❛s ❛❧s♦ ♣r♦✈❡❞ ♥❡❝❡ss❛r② ❛♥❞ ✇❡ s❤❛❧❧ ♣r♦✈✐❞❡ ❡①❛♠♣❧❡s ❧❛t❡r ♦♥ ✐♥ t❤✐s s❡❝t✐♦♥ t♦ ♠♦t✐✈❛t❡ ✐ts
✉s❡✳
❚❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❝♦♥❝❡♣ts ❢♦❧❧♦✇s ❬✷✵✱ ✷✶✱ ✼❪✳
❇❡❢♦r❡ ❜❡❣✐♥♥✐♥❣ t♦ ❞❡s❝r✐❜❡ ❤♦✇ ❝♦♥❝❡♣ts ❛r❡ r❡♣r❡s❡♥t❡❞✱ ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ♣r❡s❡♥t ✐♥ ♠♦r❡ ❞❡t❛✐❧
t❤❡ ❢❡❛t✉r❡s ♦❢ t❤❡ ❧✐❜r❛r② ❞❡✈❡❧♦♣❡❞ ✇✐t❤✐♥ t❤❡ ▼❛t❤❡♠❛t✐❝❛❧ ❈♦♠♣♦♥❡♥ts ♣r♦❥❡❝t ❬✶✶❪✳ ❚❤❡✐r ✇♦r❦
♦✛❡rs ❞❡s❝r✐♣t✐♦♥s ❢♦r ✜♥✐t❡ s❡ts✳ ❲❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ordinal p ✇❤✐❝❤ ❞❡s❝r✐❜❡s t❤❡ s❡t {0, 1, . . . , p−1}✳
❚❤❡ t②♣❡ ♦❢ t❤❡ ✜♥✐t❡ s❡t ordinal p ❝♦♥t❛✐♥s ❛♥ ❡♥✉♠❡r❛t✐♦♥ ♦❢ ❛❧❧ t❤❡ ❡❧❡♠❡♥ts ✐♥ t❤❡ s❡t✳ ❚❤✐s
❡♥✉♠❡r❛t✐♦♥ ✐s ✈✐❡✇❡❞ ❛s ❛ ❧✐st✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✇❡ ❤❛✈❡ ❛ ♠❡❛♥s ❢♦r r❡❛s♦♥✐♥❣ ♦♥ s✉❝❤ ❛ ❞❛t❛
str✉❝t✉r❡✱ ✐✳❡✳ ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ❧✐st✳ ❖t❤❡r ❢❡❛t✉r❡s ♦❢ t❤✐s ❞❡✈❡❧♦♣♠❡♥t ✇✐❧❧ ♣r♦✈❡
✉s❡❢✉❧ ✐♥ ♦✉r ✇♦r❦ ❛s ✇❡ ✇✐❧❧ ❞✐s❝✉ss ✐♥ t❤✐s s❡❝t✐♦♥✳
❲❡ ❜❡❣✐♥ ❜② ❞❡✜♥✐♥❣ ♦✉r s❡t ♦❢ ✐♥❞❡①❡s✳
Definition I := ordinal p.
❯♥❞❡r t❤❡ ❤②♣♦t❤❡s✐s 0 < p✱ t❤❡ ❡❧❡♠❡♥ts ♦❢ Rp ✇♦✉❧❞ ❜❡ I → R✱ ✐✳❡✳ ❢✉♥❝t✐♦♥s ❢r♦♠ t❤❡ s❡t ♦❢
✐♥❞❡①❡s t♦ t❤❡ r❡❛❧s✳ ❚❤✐s ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❢❛♠✐❧✐❛r ✇❛② ♦❢ ✈✐❡✇✐♥❣ ✈❡❝t♦rs ❛s (x0, x1, . . . , xp−1)✱
✇❤❡r❡ xi ∈ R,∀i ∈ {0, 1, . . . , p − 1}✳
❲❡ ❞❡✜♥❡ t❤❡ ♦♣❡r❛t✐♦♥s ♦♥ ♦✉r ✈❡❝t♦rs ❧✐❦❡ ❛❞❞✐t✐♦♥✱ s✉❜tr❛❝t✐♦♥ ♦r ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② ❛ s❝❛❧❛r
❝♦♠♣♦♥❡♥t ✇✐s❡✳
Definition add_v (v1 v2:I→R):I→R := (fun i:I => v1 i + v2 i).
Definition dif_v (v1 v2:I→R):I→R := (fun i:I => v1 i - v2 i).
Definition mult_sv (a:R) (v:I→R):I→R := (fun i:I => a * v i).
Pr♦♣❡rt✐❡s ♦❢ t❤❡s❡ ♦♣❡r❛t✐♦♥s ❛r❡ ♣r♦✈❡❞ ❜② s✐♠♣❧② r❡❞✉❝✐♥❣ t❤❡♠ t♦ ♣r♦♣❡rt✐❡s ♦♥ t❤❡ r❡❛❧ ♥✉♠❜❡rs✳
❋♦r t❤❡ ❧❛tt❡r ✇❡ ❜❡♥❡✜t ❢r♦♠ t❛❝t✐❝s ❧✐❦❡ ring, field ❛♥❞ fourier ♣r♦✈✐❞❡❞ ❜② ❈♦q ✇❤✐❝❤
❛✉t♦♠❛t✐❝❛❧❧② s♦❧✈❡ ❛ ❧❛r❣❡ ✈❛r✐❡t② ♦❢ ❡q✉❛❧✐t✐❡s ❛♥❞ ✐♥❡q✉❛❧✐t✐❡s ♦♥ t❤❡ r❡❛❧s✳
❍❡r❡ ✐s ❛ s✐♠♣❧❡ ❡①❛♠♣❧❡ t❤❛t st❛t❡s t❤❡ ❞✐str✐❜✉t✐✈✐t② ♦❢ s❝❛❧❛r ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦✈❡r ❛❞❞✐t✐♦♥✿
Lemma mult_add:
∀ (a:R) (v1 v2 :I→R),
mult_sv a (add_v v1 v2) = add_v (mult_sv a v1) (mult_sv a v2).
Proof.
move=> a v1 v2.
rewrite -ext_eq /add_v /mult_sv =>i; ring.
Qed.
❚❤❡ t❛❝t✐❝s ❛r❡ ♣❛rt ♦❢ t❤❡ ssreflect ❡①t❡♥s✐♦♥✳ ❚❤❡ ✜rst ❧✐♥❡ ♦❢ t❤❡ ♣r♦♦❢ ❥✉st ♠♦✈❡s t❤❡ ✈❛r✐❛❜❧❡s
a, v1, v2 ❢r♦♠ t❤❡ ❣♦❛❧ t♦ t❤❡ ❝♦♥t❡①t✳ ❚❤❡ s❡❝♦♥❞ ❧✐♥❡ s❛②s t❤❛t ✇❡ ✇❛♥t t♦ ♣r♦✈❡ ♦✉r ❡q✉❛❧✐t② ❜②
r❡s♦rt✐♥❣ t♦ t❤❡ ❡①t❡♥s✐♦♥❛❧✐t② ♣r♦♣❡rt② ✭✐✳❡✳ t✇♦ ✈❡❝t♦rs ❛r❡ ❡q✉❛❧ ✐✛ ❡❛❝❤ ♦❢ t❤❡✐r ❝♦♠♣♦♥❡♥ts ❢♦r
t❤❡ s❛♠❡ ✐♥❞❡① ❛r❡ ❡q✉❛❧✮✳ ❆❢t❡r t❤❛t✱ ❥✉st r❡✇r✐t✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛❞❞✐t✐♦♥ ❛♥❞ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜②
❛ s❝❛❧❛r ✐s ❡♥♦✉❣❤ t♦ ♦❜t❛✐♥ ❛♥ ❡q✉❛❧✐t② ❜❡t✇❡❡♥ t✇♦ r❡❛❧ ♥✉♠❜❡rs✳ ❚❤✐s ❧❛tt❡r ❡q✉❛❧✐t② ✐s ❞❡❛❧t ✇✐t❤
❜② ❈♦q✬s t❛❝t✐❝ ring✳
❋♦r t❤❡ ♥♦r♠ ♦♥ ✈❡❝t♦rs ✇❡ ❝❤♦s❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿
‖x‖ = max
i
|xi|
t♦ r❡s♣❡❝t t❤❡ ❝♦♥✈❡♥t✐♦♥s ✐♥ ❬✼❪✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ♣r♦♦❢ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡
♣❛rt✐❝✉❧❛r ♥♦r♠ ✉s❡❞ ❛♥❞ ✐t ❝❛♥ ❜❡ ❛❞❛♣t❡❞ t♦ ❛♥② ♦t❤❡r✳
✷✸
P❛➩❝❛
■♥ ❢♦r♠❛❧✐③✐♥❣ t❤❡ ♥♦r♠ ✐♥ ❈♦q✱ ✇❡ ✉s❡❞ ♦♥❝❡ ♠♦r❡ t❤❡ ❢❛❝✐❧✐t✐❡s ♣r♦✈✐❞❡❞ ❜② t❤❡ ssreflect
❧✐❜r❛r✐❡s✳ ❲✐t❤✐♥ t❤✐s ❞❡✈❡❧♦♣♠❡♥t ✇❡ ❝❛♥ ✜♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ❛♥❞ ♣r♦♦❢s ♦❢ ✈❛r✐♦✉s ♣r♦♣❡rt✐❡s ❢♦r
❢♦❧❞✐♥❣ ❛ ❢✉♥❝t✐♦♥ ♦✈❡r ❛ ✜♥✐t❡ s❡t ❜② ✉s✐♥❣ t❤❡ ❣❡♥❡r✐❝ ❢✉♥❝t✐♦♥ iprod✳ ■♥ ♦✉r ❝❛s❡✱ ✇❡ ❢♦❧❞ t❤❡
❢✉♥❝t✐♦♥ Rmax ✭t❤❛t ❣✐✈❡s t❤❡ ♠❛①✐♠✉♠ ♦❢ t✇♦ r❡❛❧ ♥✉♠❜❡rs✮ ♦✈❡r ♦✉r s❡t ♦❢ ✐♥❞❡①❡s I ✐♥ ♦r❞❡r t♦
r❡tr✐❡✈❡ t❤❡ ♠❛①✐♠✉♠ ✈❛❧✉❡ ♦❢ ❛ ✈❡❝t♦r✳ ❚❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ✐s ❡❛s✐❧② ❝♦♠♣✉t❡❞ ❝♦♠♣♦♥❡♥t ✇✐s❡✳ ■♥
❈♦q✱ t❤❡ ❞❡✜♥✐t✐♦♥s ❧♦♦❦ ❧✐❦❡ t❤✐s✿
Definition Rabs_v (v:I→R) (i:I):R := Rabs(v i).
Definition norm (v:I→R):R := iprod R Rmax 0 I (setA I) (Rabs_v v).
Pr♦✈✐♥❣ t❤❡ ❣♦♦❞ ♣r♦♣❡rt✐❡s ❢♦r t❤❡ ♥♦r♠ ❧✐❦❡ ♣♦s✐t✐✈❡ ❤♦♠♦❣❡♥❡✐t②✱ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t② ❛♥❞ ♣♦s✐t✐✈❡
❞❡✜♥✐t❡♥❡ss ✐s ❞♦♥❡ ❜② ✉s✐♥❣ ♣r♦♣❡rt✐❡s ❛❧r❡❛❞② ♣r♦✈❡♥ ❢♦r iprod ❛♥❞ ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡
❧✐st ♦❢ ✐♥❞❡①❡s✳
❲❡ ❝❛♥ ♥♦✇ ❞❡✜♥❡ t❤❡ ❞✐st❛♥❝❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ♦✉r ♥♦r♠✿
Definition dist_Rp (u v:I→R) :R := norm (dif_v u v).
❚❤❡ ♣r♦♣❡rt✐❡s ❢♦r t❤❡ ❞✐st❛♥❝❡ ❢♦❧❧♦✇ ♥❛t✉r❛❧❧② ❢r♦♠ t❤♦s❡ ♦❢ t❤❡ ♥♦r♠ t♦ ❡♥s✉r❡ t❤❛t✱ ✐♥ ♦✉r
r❡♣r❡s❡♥t❛t✐♦♥✱ Rp✱ ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ ❛❜♦✈❡ ❞❡✜♥❡❞ ❞✐st❛♥❝❡✱ ✐s ❛ ♠❡tr✐❝ s♣❛❝❡✳
❲❡ ♥♦✇ ❞❡✜♥❡ t❤❡ t②♣❡ ♦❢ ✈❡❝t♦r s❡q✉❡♥❝❡s ❛s nat → I → R✳ ❚❤❡ ❝♦♥❝❡♣ts ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ❛♥❞
❈❛✉❝❤② ❝r✐t❡r✐♦♥ ❛r❡ ❢♦r♠❛❧✐③❡❞ ✐♥ t❤❡ t❡r♠s ♦❢ ♦✉r ❞✐st❛♥❝❡✿
Definition conv_Rp (un:nat→I→R) (l:I→R) : Prop :=
∀ eps:R, 0 < eps→ ∃ N : nat,
(∀ n:nat, (N ≤ n)%nat → dist_Rp (un n) l < eps).
Definition Cauchy_crit_Rp (vn:nat→I→R): Prop :=
∀ eps:R, 0 < eps → ∃ N : nat, (∀ n m:nat,
(N ≤ n)%nat → (N ≤ m)%nat → dist_Rp (vn n) (vn m) < eps).
❲❡ ♣r♦✈❡❞ ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ r❡s✉❧ts✿ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ ❧✐♠✐t ♦❢ ❛ s❡q✉❡♥❝❡✱ ❛♥② ❝♦♥✈❡r❣❡♥t s❡q✉❡♥❝❡
s❛t✐s✜❡s ❈❛✉❝❤②✬s ❝r✐t❡r✐♦♥✱ Rp ✐s ❛ ❝♦♠♣❧❡t❡ ♠❡tr✐❝ s♣❛❝❡ ✭✐✳❡✳ ❛♥② s❡q✉❡♥❝❡ s❛t✐s❢②✐♥❣ ❈❛✉❝❤②✬s
❝r✐t❡r✐♦♥ ✐s ❝♦♥✈❡r❣❡♥t✮✱ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ Rp ✐s ❛ ❝♦♥✈❡r❣❡♥❝❡ ♦♥ ❝♦♠♣♦♥❡♥ts✳ ❚❤✐s ✐s✱ ❢♦r ❡①❛♠♣❧❡✱
❛ ♣❧❛❝❡ ✇❤❡r❡ t❤❡ ❛①✐♦♠ ♦❢ ❝❤♦✐❝❡ t✉r♥❡❞ ♦✉t t♦ ❜❡ ✐♥❞✐s♣❡♥s❛❜❧❡✳
❲❡ t❤❡♥ ❢♦r♠❛❧✐③❡❞ ❢✉♥❝t✐♦♥s Rp → Rp ❛s (I → R) → I → R✳ ❖♣❡r❛t✐♦♥s ♦♥ ❢✉♥❝t✐♦♥s ✭❛❞❞✐t✐♦♥✱
♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② ❛ s❝❛❧❛r ❡t❝✳✮ ❛r❡ ❞❡✜♥❡❞ ❝♦♠♣♦♥❡♥t ✇✐s❡✱ ❛s ✇❡ ❞✐❞ ❢♦r ✈❡❝t♦rs✳
❍❛✈✐♥❣ t❤❡ ♠❡tr✐❝ s♣❛❝❡ str✉❝t✉r❡ ❡♥❛❜❧❡s ✉s t♦ ❡①♣r❡ss t❤❛t t❤❡ ❧✐♠✐t ♦❢ ❛ ❢✉♥❝t✐♦♥ f ✐♥ ❛ ♣♦✐♥t
v0 ♦❢ t❤✐s s♣❛❝❡ ✐s l✿
Definition limit_Rp (f:(I→R)→I→R) (v0:I→R) (l:I→R):=
∀ eps:R, eps > 0→ ∃ alp:R, alp > 0 ∧
(∀ v:I→R, 0 < dist_Rp v v0 < alp → dist_Rp (f v) l < eps).
❚♦ ✈❡r✐❢② t❤❡ ❢❡❛s✐❜✐❧✐t② ♦❢ t❤❡ ❛♣♣r♦❛❝❤ ✇❡ ❞✐❞ s♦♠❡ ♣r♦♦❢s ❛r♦✉♥❞ t❤❡s❡ ❝♦♥❝❡♣ts✳ ❋♦r ❡①❛♠♣❧❡✿
✐❢ t❤❡r❡ ❡①✐sts ❛ ❧✐♠✐t ♦❢ ❛ ❢✉♥❝t✐♦♥ ✐♥ ❛ ♣♦✐♥t t❤❡♥ t❤✐s ❧✐♠✐t ✐s ✉♥✐q✉❡❀ t❤❡ ❧✐♠✐t ♦❢ t❤❡ s✉♠ ♦❢ t✇♦
❢✉♥❝t✐♦♥s ✐s t❤❡ s✉♠ ♦❢ t❤❡ ❧✐♠✐ts ❡t❝✳ ❲❡ ✇❡r❡ r❛t❤❡r ♣❧❡❛s❡❞ ✇✐t❤ t❤❡ ❢❛❝t t❤❛t ♦✉r ♣r♦♦❢s ❝♦✉❧❞ ❜❡
❞♦♥❡ ❜② ❢♦❧❧♦✇✐♥❣ t❤❡ ✏♣r♦♦❢ ♦♥ ♣❛♣❡r✑ ❛♥❞ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡✐r ❡q✉✐✈❛❧❡♥t ✐♥ t❤❡ ✉♥✐❞✐♠❡♥s✐♦♥❛❧
❝❛s❡✳
❲❡ ❝❛♥ ❞❡✜♥❡ ❢✉♥❝t✐♦♥s ❝♦♥t✐♥✉♦✉s ❛t ❛ ♣♦✐♥t ❜② s❛②✐♥❣ t❤❡ ❧✐♠✐t ❛t t❤❛t ♣♦✐♥t ✐s t❤❡ ✈❛❧✉❡ ♦❢ t❤❡
❢✉♥❝t✐♦♥✿
Definition cont_Rp (f:(I→R)→I→R) (v0:I→R):=
limit_Rp f v0 (f v0).
✷✹
❆ ❋♦r♠❛❧ ❱❡r✐✜❝❛t✐♦♥ ❢♦r ❑❛♥t♦r♦✈✐t❝❤✬s ❚❤❡♦r❡♠
■♥ ♦r❞❡r t♦ ❜❡ ❛❜❧❡ t♦ ❝♦♥s✐❞❡r ♣❛rt✐❛❧❧② ❞❡r✐✈❛❜❧❡ ❢✉♥❝t✐♦♥s ❛♥❞ t❤❡✐r r❡♣r❡s❡♥t❛t✐♦♥ ❛s t❤❡ ❏❛❝♦❜✐❛♥
♠❛tr✐①✱ ✇❡ ✜rst ❤❛✈❡ t♦ ✐♥tr♦❞✉❝❡ ❝♦♥❝❡♣ts ♦♥ sq✉❛r❡ ♠❛tr✐❝❡s✳ ❚❤❡② ❛r❡ ♦❢ t②♣❡ ✭I → I →
R✮✳ ❆❞❞✐t✐♦♥✱ s✉❜tr❛❝t✐♦♥ ❛♥❞ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② ❛ s❝❛❧❛r ❛r❡ ❞❡✜♥❡❞ ❝♦♠♣♦♥❡♥t ✇✐s❡✳ ❍♦✇❡✈❡r✱
♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦❢ ❛ ♠❛tr✐① ❛♥❞ ❛ ✈❡❝t♦r ❛♥❞ ♦❢ t✇♦ ♠❛tr✐❝❡s ❛r❡ tr✐❝❦✐❡r t♦ ❞❡✜♥❡✳ ❍❛✈✐♥❣ ❛ sq✉❛r❡
♠❛tr✐① ♦❢ s✐③❡ p✱ M = [mij ] ❛♥❞ ❛ ✈❡❝t♦r ♦❢ s✐③❡ p✱ v = (vi)✱ t❤❡✐r ♣r♦❞✉❝t ✐s M ∗ v = (
p−1∑
j=0
mij ∗ vj)✳
❲❡ ✉s❡ ❛ ❢✉♥❝t✐♦♥ t♦ ❝♦♠♣✉t❡ ❡❛❝❤ t❡r♠ ❛♥❞ ❛♥♦t❤❡r ♦♥❡ t♦ ❣❡t t❤❡ s✉♠✿
Definition mult1 (m:I→I→R) (v:I→R) (i j :I): R := m i j * v j.
Definition mult_mv (m:I→I→R) (v:I→R) (i:I): R :=
iprod R Rplus 0 I (setA I) (mult1 m v i).
❲❡ ❞❡✜♥❡ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦❢ t✇♦ ♠❛tr✐❝❡s s✐♠✐❧❛r❧②✳
Pr♦♣❡rt✐❡s ♦❢ ♦♣❡r❛t✐♦♥s ♦♥ ♠❛tr✐❝❡s ❛r❡ ♥♦t ❞✐✣❝✉❧t t♦ ✈❡r✐❢② ♦♥❝❡ s♦♠❡ ♥❡❡❞❡❞ r❡s✉❧ts ❛r❡ ♦❜t❛✐♥❡❞
❢♦r t❤❡ s✉♠♠❛t✐♦♥ ♦♣❡r❛t♦r✳
❚❤❡ ♥♦r♠ ♦♥ ♠❛tr✐❝❡s ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿
‖M‖ = max
i
∑
j
|mij |
❆♠♦♥❣ t❤❡ ♣r♦♣❡rt✐❡s ✇❡ ✇❡r❡ ❛❜❧❡ t♦ ♣r♦✈❡ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t②
‖Mv‖ ≤ ‖M‖‖v‖
✇❤❡r❡ M ✐s ❛ ♠❛tr✐① ❛♥❞ v ❛ ✈❡❝t♦r✳
Lemma ineq_norm_mv:
∀ m v, norm (mult_mv m v) ≤ norm_m m * norm v.
❖t❤❡r r❡s✉❧ts ❧✐❦❡ ‖M1M2‖ ≤ ‖M1‖‖M2‖ ✇❡r❡ ❧❡❢t ✉♥♣r♦✈❡♥✳ ❲❡ ❝❤♦s❡ t♦ ❝♦♥❝❡♥tr❛t❡ ♦♥ ♦t❤❡r
♣❛rts ❛♥❞ ❧❡❛✈❡ t❤❡s❡ ❢♦r ❧❛t❡r✱ ❛s ✐t ✐s ♦✉r ❜❡❧✐❡❢ t❤❛t t❤❡② ❞♦ ♥♦t r❡q✉✐r❡ ♠♦r❡ s♦♣❤✐st✐❝❛t❡❞ t❡❝❤♥✐q✉❡s
t❤❛♥ t❤♦s❡ ❛❧r❡❛❞② t❡st❡❞✳
❚❤❡ ♣❛rt ♦❢ ♠❛tr✐① t❤❡♦r② ✇❤❡r❡ ✇❡ ❡♥❝♦✉♥t❡r❡❞ s♦♠❡ ❞✐✣❝✉❧t✐❡s ✇❛s t❤❡ ♦♥❡ ❝♦♥❝❡r♥✐♥❣ t❤❡
✐♥✈❡rs❡ ♦❢ ❛ ♠❛tr✐①✳ ❚❤❡ ❝♦♥❝❡♣ts ✏♦♥ ♣❛♣❡r✑ ♥❡❡❞ s♦♠❡ ❛❞❛♣t❛t✐♦♥ ❜❡❢♦r❡ ❜❡✐♥❣ tr❛♥s♣♦s❡❞ ♦♥ ❛
❝♦♠♣✉t❡r✳ ❋♦r ❡①❛♠♣❧❡✱ ✇❡ ✇❛♥t t♦ ❜❡ ❛❜❧❡ t♦ t❛❧❦ ❛❜♦✉t t❤❡ ✐♥✈❡rs❡ ♦❢ ❛ ♠❛tr✐① ❡✈❡♥ ✐❢ ✇❡ ❞♦♥✬t
❦♥♦✇ ②❡t ✇❤❡t❤❡r ✐t ✐s ✐♥✈❡rt✐❜❧❡✳ ❇✉t ✇❡ s❤♦✉❧❞ ❤❛✈❡ t❤❡ ❣♦♦❞ ♣r♦♣❡rt✐❡s ♦♥❧② ✇❤❡♥ ✇❡ ❦♥♦✇ t❤❡
♠❛tr✐① ✐s ✐♥✈❡rt✐❜❧❡✳ ❚❤❡ s♦❧✉t✐♦♥ ✐s s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ❢♦r ❞✐✈✐s✐♦♥ ✐♥ t❤❡ Reals ❧✐❜r❛r② ❛♥❞ ♦✉r
♣r♦♣♦s❛❧ ❢♦r ❞❡r✐✈❛t✐✈❡s ✐♥ t❤❡ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✳ ❲❡ ❞❡✜♥❡ ❛ t♦t❛❧ ❢✉♥❝t✐♦♥ ♦♥ ♠❛tr✐❝❡s t❤❛t
s✐♠✉❧❛t❡s ♦✉r ✐♥✈❡rs❡✱ ❜✉t ✇❤✐❝❤ ❛❝ts ❛s t❤❡ ✐♥✈❡rs❡ ♦♥❧② ❢♦r t❤❡ ♠❛tr✐❝❡s s❛t✐s❢②✐♥❣ t❤❡ ♣r♦♣❡rt②✳
❈♦♥t✐♥✉✐♥❣ ♦✉r ❞❡✈❡❧♦♣♠❡♥t ✇✐t❤ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s ❛♥❞ ❞✐✛❡r❡♥t✐❛t✐♦♥✱ ✇❡ ❤❛✈❡ ♠❛♥❛❣❡❞ t♦
❢♦r♠❛❧✐③❡ s♦♠❡ r❛t❤❡r ✐♠♣♦rt❛♥t ♣r♦♣❡rt✐❡s✳ ❋♦r ❡①❛♠♣❧❡✱ ✇❡ ♣r♦✈❡❞ t❤❛t ✐❢ ❛ ❢✉♥❝t✐♦♥ ✐s ♣❛rt✐❛❧❧②
❞❡r✐✈❛❜❧❡✱ t❤❡♥ t❤❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✈❛r✐❛❜❧❡ xi ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s t❤❡ ❞❡r✐✈❛t✐✈❡
♦❢ ❛ ❢✉♥❝t✐♦♥ ✇✐t❤ ♦♥❡ ❛r❣✉♠❡♥t✳
❆♥♦t❤❡r ✉s❡❢✉❧ r❡s✉❧t ✐s✿ ❣✐✈❡♥ ❛ ♠❛tr✐① ✈❛❧✉❡❞ ❢✉♥❝t✐♦♥✱ f : Rp → Mp(R)✱ ❝♦♥t✐♥✉♦✉s ❛t ❛ ♣♦✐♥t a✱
❛ s❡q✉❡♥❝❡ ♦❢ ✈❡❝t♦rs {xn}n∈N ❝♦♥✈❡r❣✐♥❣ t♦ a ❛♥❞ ❛ s❡q✉❡♥❝❡ {yn}n∈N ❝♦♥✈❡r❣✐♥❣ t♦ ③❡r♦✱ t❤❡♥ t❤❡
♣r♦❞✉❝t ♦❢ f(xn)yn ✇✐❧❧ ❛❧s♦ ❜❡ ❛ s❡q✉❡♥❝❡ ❝♦♥✈❡r❣✐♥❣ t♦ ③❡r♦✳
❚❤❡ ♠♦st ✐♠♣♦rt❛♥t r❡s✉❧t ♦❢ t❤✐s ✜❡❧❞ ❢♦r ♦✉r ✇♦r❦ ✐s t❤❡ ♣r♦♦❢ ♦❢ ❚❛②❧♦r✬s ❢♦r♠✉❧❛ ❢♦r ❢✉♥❝t✐♦♥s
♦❢ ❝❧❛ss C(2)✳ ❚❤❡ st❛t❡♠❡♥t ❛♥❞ t❤❡ ♣r♦♦❢ ❛r❡ ❛s ❢♦❧❧♦✇✿
❚❤❡♦r❡♠ ✸ ▲❡t A ⊂ Rp ❜❡ ❛ ❝♦♥✈❡① ❛♥❞ ♦♣❡♥ s❡t✳ ■❢ f : A → R ✐s t✇✐❝❡ ♣❛rt✐❛❧❧② ❞❡r✐✈❛❜❧❡ ✇✐t❤
❝♦♥t✐♥✉♦✉s ✜rst ❛♥❞ s❡❝♦♥❞ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s✱ t❤❡♥ ❢♦r ❛❧❧ a ∈ A ❛♥❞ v ∈ Rp ✇✐t❤ [a, a+v] ⊂ A✱ t❤❡r❡
❡①✐sts c ∈ (a, a + v) s♦ t❤❛t f(a + v) = f(a) +
p∑
i=1
∂f(a)
∂xi
vi +
1
2!
p∑
i,j=1
∂2f(c)
∂xi∂xj
vivj✳
✷✺
P❛➩❝❛
Pr♦♦❢✳ ❈♦♥s✐❞❡r
g : [0, 1] → R, g(t) = f(a + tv)
t❤❡♥ g ✐s t✇✐❝❡ ❞❡r✐✈❛❜❧❡ ♦♥ [0, 1] ❛♥❞
g′(t) =
p∑
i=1
∂f(a + tv)
∂xi
vi ✭✻✮
g′′(t) =
p∑
i,j=1
∂2f(a + tv)
∂xi∂xj
vivj ✭✼✮
❋r♦♠ t❤❡ ❚❛②❧♦r ❢♦r♠✉❧❛ ✐♥ ♦♥❡ ❞✐♠❡♥s✐♦♥ ✇❡ ❣❡t t❤❛t t❤❡r❡ ❡①✐sts η ∈ (0, 1) s♦ t❤❛t
g(1) = g(0) + g′(0) +
1
2!
g′′(η)
✇❤✐❝❤ ❣✐✈❡s ✉s t❤❡ ❞❡s✐r❡❞ r❡s✉❧t ❢♦r c = a + tη ∈ (a, a + v)✳
❚❤❡ ♣r♦♦❢ ♦❢ t❤✐s t❤❡♦r❡♠ ✐s ❜❛s❡❞ ♦♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❚❛②❧♦r ❢♦r♠✉❧❛ ✐♥ ♦♥❡ ❞✐♠❡♥s✐♦♥✱ ✇❤✐❝❤
✇❡ ❛❧s♦ ❢♦r♠❛❧✐③❡❞✳ ❆❧s♦✱ ❛♥ ✐♠♣♦rt❛♥t ✐ss✉❡ ❢♦r t❤✐s ♣r♦♦❢ ✐s t♦ s❤♦✇ s♦♠❡ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ ✈❛r✐♦✉s
❝♦♥❝❡♣ts ♦❢ ❞✐✛❡r❡♥t✐❛❜✐❧✐t②✱ ✐✳❡✳ t♦ ♣r♦✈❡ ❡q✉❛❧✐t✐❡s ✭✻✮ ❛♥❞ ✭✼✮✳
❚❤❡ ❞❡✈❡❧♦♣♠❡♥t ✐s ❛t t❤✐s ♣♦✐♥t ❝♦♥❝❡♥tr❛t✐♥❣ ♦♥ ❚❛②❧♦r✬s ❢♦r♠✉❧❛✳ ❖♥❝❡ t❤✐s r❡s✉❧t ✐s ♣r♦✈❡❞✱
t❤❡ ♦♥❧② ♣✐❡❝❡s st✐❧❧ ♠✐ss✐♥❣ ❢♦r ❛ ❝♦♠♣❧❡t❡ ❢♦r♠❛❧✐③❛t✐♦♥ ♦❢ t❤❡ t❤❡♦r❡♠✱ ✇✐❧❧ ❜❡ s♦♠❡ r❡s✉❧ts ❢r♦♠
♠❛tr✐① t❤❡♦r②✳ ❚❤❡ ❝❤♦✐❝❡ ♥♦t t♦ ❢♦❝✉s ♦♥ t❤❡♠ ✇❛s ♠❛❞❡ ❜❡❝❛✉s❡ ❢♦r♠❛❧✐③❛t✐♦♥ ♦❢ ♠❛tr✐① t❤❡♦r② ✐s
♦♥✲❣♦✐♥❣ ✇♦r❦ ❢♦r t❤❡ ssreflect ❧✐❜r❛r✐❡s ❛♥❞ ♠♦st ♦❢ t❤❡ r❡s✉❧ts ✇❡ ♥❡❡❞ s❤♦✉❧❞ ❜❡ ❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡
♥❡❛r ❢✉t✉r❡✳
✺✳ ❋♦r♠❛❧ ♣r♦♦❢ ✐♥ t❤❡ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡
❚❤❡ ♣r♦♦❢ ❢♦r t❤❡ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ ❢♦❧❧♦✇s t❤❡ s❛♠❡ str✉❝t✉r❡ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✸✳ ❆❧s♦✱ t❤❡
❢♦r♠❛❧✐③❛t✐♦♥ ❞♦♥❡ ❢♦r t❤❡ r❡❛❧ ❝❛s❡ ✇❛s ❛ ❣♦♦❞ ❣✉✐❞❡ ✐♥ ♦✉r ❞❡✈❡❧♦♣♠❡♥t✳ ❙♦♠❡ r❡s✉❧ts ❣❡♥❡r❛❧✐③❡
♥✐❝❡❧② ❢r♦♠ ♦♥❡ t♦ s❡✈❡r❛❧ ❞✐♠❡♥s✐♦♥s✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥
♥❛t✉r❛❧❧② ❣❡♥❡r❛❧✐③❡ t♦ t❤♦s❡ ♦❢ t❤❡ ♥♦r♠✳
❖t❤❡r r❡s✉❧ts✱ ❤♦✇❡✈❡r✱ ❞♦ ♥❡❡❞ ❝♦♥s✐❞❡r❛❜❧② ♠♦r❡ ✇♦r❦ t❤❛♥ t❤❡✐r r❡❛❧ ❝♦✉♥t❡r♣❛rts✳ ❚❛❦❡ ❢♦r
❡①❛♠♣❧❡ t❤❡ ♣r♦♦❢ t❤❛t
|ax| = |a||x| ∀a, x ∈ R
❚❤✐s ✐s ❛ tr✐✈✐❛❧ ♣r♦♣❡rt② ♦❢ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥✳
❚❤❡ ❡q✉✐✈❛❧❡♥t r❡s✉❧t ✇❡ ♥❡❡❞ ✐♥ t❤❡ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ ✐s✿
‖Ax‖ ≤ ‖A‖‖x‖ ∀A ∈ Mp×p, x ∈ R
p
❚❤❡ ♣r♦♦❢ ♦❢ t❤✐s ♣r♦♣❡rt②✱ ❤♦✇❡✈❡r✱ ✐s ❢❛r ❢r♦♠ tr✐✈✐❛❧✳ ❖♥ ♣❛♣❡r t❤❡ ♣r♦♦❢ ♠❛✐♥❧② ❞❡❛❧s ✇✐t❤
✐♥❡q✉❛❧✐t✐❡s ♦♥ s✉♠s ❛♥❞ ❛❜s♦❧✉t❡ ✈❛❧✉❡s✳ ❲❡ ♠❛♥❛❣❡❞ t♦ ♦❜t❛✐♥ ❛ ❢♦r♠❛❧ ♣r♦♦❢ t❤❛t ❢♦❧❧♦✇s t❤❡ s❛♠❡
❧✐♥❡ ♦❢ r❡❛s♦♥✐♥❣✳ ❚❤❡ t❡❝❤♥✐q✉❡ ✉s❡❞ ✐s ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ ❧✐st ❡♥✉♠❡r❛t✐♥❣ t❤❡ ✐♥❞❡①❡s ♦❢ ❛ ✈❡❝t♦r ✭❛s
✈❡❝t♦rs ❛r❡ r❡♣r❡s❡♥t❡❞ ❛s ❢✉♥❝t✐♦♥s ❢r♦♠ t❤❡ ❧✐st ♦❢ ✐♥❞❡①❡s t♦ R✮✳ ■♥t✉✐t✐✈❡❧② t❤✐s ❝♦rr❡s♣♦♥❞s t♦ ❛♥
✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ Rp✳
❆♥♦t❤❡r ❡①❛♠♣❧❡ ♦❢ ❤♦✇ t❤✐♥❣s ❣❡t r❡❛❧❧② ❝♦♠♣❧✐❝❛t❡❞ ✐♥ s❡✈❡r❛❧ ❞✐♠❡♥s✐♦♥s ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿
❋r♦♠ t❤❡ ✐♥❡q✉❛❧✐t② |1 − t| ≤ 12 ♦♥❡ ❝❛♥ ❡❛s✐❧② ✐♥❢❡r t❤❛t t 6= 0✳
❇✉t ❤❛✈✐♥❣ t❤❡ r❡❧❛t✐♦♥ ‖Ep − A‖ ≤
1
2 ✱ ✇❤❡r❡ Ep ✐s t❤❡ ✉♥✐t ♠❛tr✐① ♦❢ s✐③❡ p✱ ❞♦❡s ♥♦t tr✐✈✐❛❧❧②
✐♠♣❧② t❤❛t A ✐s ✐♥✈❡rt✐❜❧❡✳ ■♥ ❢❛❝t✱ t❤❡ ♣r♦♦❢ ✐s r❛t❤❡r ❝♦♠♣❧✐❝❛t❡❞ ❡✈❡♥ ♦♥ ♣❛♣❡r ❛s ✐t ✉s❡s r❡s✉❧ts
✷✻
❆ ❋♦r♠❛❧ ❱❡r✐✜❝❛t✐♦♥ ❢♦r ❑❛♥t♦r♦✈✐t❝❤✬s ❚❤❡♦r❡♠
❢r♦♠ t❤❡ t❤❡♦r② ♦❢ ❢✉♥❝t✐♦♥❛❧ s♣❛❝❡s✱ ❧✐❦❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ❛ ♣❛rt✐❝✉❧❛r t②♣❡ ♦❢ ♠❛tr✐① s❡r✐❡s✳ ❚❤✐s
✐s ❛♠♦♥❣ t❤❡ r❡s✉❧ts ♦♥ ♠❛tr✐❝❡s ✇❡ ❤❛✈❡ ♥♦t ❢♦r♠❛❧✐③❡❞ ②❡t✳
■♥ t❤✐s s❡tt✐♥❣✱ ✇❡ ♣r♦✈✐❞❡ ❛ ✈❡r✐✜❝❛t✐♦♥ ♦❢ t❤❡ t❤❡♦r❡♠ str✉❝t✉r❡✳ ❲❡ ✇❡r❡ ♣❧❡❛s❛♥t❧② s✉r♣r✐s❡❞ ❜②
t❤❡ r❡s❡♠❜❧❛♥❝❡ ❜❡t✇❡❡♥ t❤✐s ♣r♦♦❢ ❛♥❞ t❤❡ ♦♥❡ ✇❡ ❤❛❞ ❛❧r❡❛❞② ❞♦♥❡ ❢♦r t❤❡ r❡❛❧ ❝❛s❡✳ ❋♦r s❡❝♦♥❞❛r②
r❡s✉❧ts ✇❡ ♠♦st❧② ♥❡❡❞❡❞ ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤♦s❡ ✐♥ ♦♥❡ ❞✐♠❡♥s✐♦♥✳ ❆❧s♦✱ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ♣r♦♦❢
❢♦r t❤❡ ♠❛✐♥ t❤❡♦r❡♠ ✐s ❜❛s✐❝❛❧❧② t❤❡ s❛♠❡✳
Pr♦✈✐❞❡❞ t❤❡ ❛♣♣r♦♣r✐❛t❡ ❞❡❝❧❛r❛t✐♦♥s ♦❢ ✈❛r✐❛❜❧❡s ❛♥❞ ❤②♣♦t❤❡s✐s✱ t❤❡ ❢♦r♠❛❧ st❛t❡♠❡♥t ♦❢ t❤❡
❡①✐st❡♥❝❡ t❤❡♦r❡♠ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿
Theorem kantoroRp_exist:
∃ xs:I→R,
conv_Rp Xn xs ∧ norm (dif_v xs X0) ≤ 2*b0 ∧ f xs = vect0.
❚❤❡ ❞❡✈❡❧♦♣♠❡♥t s♦ ❢❛r ❤❛s ♠♦r❡ t❤❛♥ ✸✵✵✵ ❧✐♥❡s ♦❢ ❝♦❞❡ ✷✳
✻✳ ❈♦♥❝❧✉s✐♦♥s
❚❤❡ ❞❡❣r❡❡ ♦❢ ❞✐✣❝✉❧t② ✐♥ ♣r♦✈✐❞✐♥❣ ❛ ❢♦r♠❛❧ ♣r♦♦❢ ❢♦r ❛ t❤❡♦r❡♠ ❞❡♣❡♥❞s ❤❡❛✈✐❧② ♦♥ ❤♦✇ ✇❡❧❧ t❤❡
❜❛s✐❝ ❝♦♥❝❡♣ts ✐♥✈♦❧✈❡❞ ❛r❡ ❞❡s❝r✐❜❡❞✳ ■t ✐s ✐♠♣♦rt❛♥t t♦ ❤❛✈❡ ❝♦♥❝❡♣ts t❤❛t ❛r❡ ❡❛s② t♦ ♠❛♥✐♣✉❧❛t❡
❛♥❞ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ✐♥t✉✐t✐♦♥ ❛❜♦✉t t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ♦❜❥❡❝t t❤❡② ♠♦❞❡❧✳ ❚❤✐s ✇❛②✱ ❢♦r♠❛❧ t❤❡♦r❡♠
♣r♦✈✐♥❣ ❝♦♠❡s r❛t❤❡r ♥❛t✉r❛❧❧② t♦ ♦♥❡ t❤❛t ✐s ✉s❡❞ t♦ ❞♦✐♥❣ ❛ ♣r♦♦❢ ✏♦♥ ♣❛♣❡r✑✳ ❋♦r ❡①❛♠♣❧❡✱ ❤❛✈✐♥❣
❛ ♥❡✇ ❛♣♣r♦❛❝❤ t♦ ❞❡r✐✈❛t✐✈❡s✱ ❛ ♥❡✇ ✇❛② t♦ ❤❛♥❞❧❡ t❤❡♠✱ ♠❛❞❡ ♦✉r ✇♦r❦ ♠✉❝❤ ❡❛s✐❡r✳
❚r②✐♥❣ t♦ ✜♥❞ ❛♥ ❛❞❡q✉❛t❡ ❢♦r♠❛❧✐③❛t✐♦♥ ❢♦r r❡❛❧ ✈❡❝t♦rs r❡✈❡❛❧❡❞ ♦♥❝❡ ♠♦r❡ t❤❡ ❞✐✛❡r❡♥❝❡ ♠❛❞❡
❜② ❛ ❣♦♦❞ r❡♣r❡s❡♥t❛t✐♦♥ ❛♥❞ ❣♦♦❞ ♣r♦♦❢ t❡❝❤♥✐q✉❡s✳ ❲❡ ❛r❡ r❛t❤❡r ♣r♦✉❞ ♦❢ ♦✉r ❝❤♦✐❝❡✱ ❛s ✐t ❡♥❛❜❧❡❞
✉s t♦ ♦❜t❛✐♥ q✉✐t❡ ❛ ❧❛r❣❡ ❛♠♦✉♥t ♦❢ r❡s✉❧ts ✐♥ ❛ r❡❧❛t✐✈❡❧② s❤♦rt t✐♠❡✳
❚❤❡ ✇♦r❦ ✐♥ ❢♦r♠❛❧✐③✐♥❣ ♠✉❧t✐✈❛r✐❛t❡ ❛♥❛❧②s✐s ❝♦♥❝❡♣ts ✐s ♥❡✇ ❢♦r ❈♦q✳ ❚❤♦✉❣❤ ❢❛r ❢r♦♠ ♦✛❡r✐♥❣
❛♥ ❡①t❡♥s✐✈❡ ❝♦✈❡r❛❣❡ ♦❢ t❤❡ ♣r♦♣❡rt✐❡s ♥❡❡❞❡❞✱ ✐t ✐s ❛ ✜rst st❡♣ t♦✇❛r❞s ❤❛✈✐♥❣ s✉❝❤ ❛ ❧✐❜r❛r②✳
✻✳✶✳ ❋✉t✉r❡ ✇♦r❦
❋♦r♠❛❧ st✉❞② ♦❢ ◆❡✇t♦♥✬s ♠❡t❤♦❞ ❛♥❞ ❑❛♥t♦r♦✈✐t❝❤✬s t❤❡♦r❡♠ ✐s ✐♠♣♦rt❛♥t ❢♦r ❝♦♠♣✉t❡r s❝✐❡♥❝❡
❞♦♠❛✐♥s ✇❤❡r❡ s♦❧✈✐♥❣ ❡q✉❛t✐♦♥ s②st❡♠s ♦❝❝✉rs ❢r❡q✉❡♥t❧②✳ ❍❛✈✐♥❣ ❛ ❢♦r♠❛❧ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤✐s t❤❡♦r❡♠
s❤♦✉❧❞ ♠❛❦❡ ✐t ❡❛s✐❡r t♦ st✉❞② ✇❤❡t❤❡r ❜❡tt❡r ❝♦♥✈❡r❣❡♥❝❡ ❝r✐t❡r✐❛ ❝❛♥ ❜❡ ❢♦✉♥❞ ✇❤❡♥ t❤❡ st✉❞✐❡❞
❢✉♥❝t✐♦♥ s❛t✐s✜❡s s♣❡❝✐❛❧ ♣r♦♣❡rt✐❡s✳ ❲♦r❦✐♥❣ ✇✐t❤ s♣❡❝✐❛❧ ❝❛s❡s ♦❢ ✐♥♣✉t ❢✉♥❝t✐♦♥s ✐s ♦❢t❡♥ t❡❞✐♦✉s✱
❛♥❞ ❤❛✈✐♥❣ ❛ ❢♦r♠❛❧✐③❡❞ ♣r♦♦❢ ❡♥s✉r❡s t❤❛t ♥♦ s♣❡❝✐❛❧ ❝♦♥❞✐t✐♦♥ ✇✐❧❧ ❜❡ ♦✈❡r❧♦♦❦❡❞✳ ❚❤✐s ♠❡❛♥s t❤❛t
♦♥ ♦♥❡ ❤❛♥❞✱ t❤❡ ❛❧❣♦r✐t❤♠ t❤❛t ❞♦❡s t❤❡ ❝♦♠♣✉t❛t✐♦♥ ✐s ❝❡rt✐✜❡❞ ❛♥❞ ♦♥ t❤❡ ♦t❤❡r✱ s♣❡❝✐❛❧ ❝❛s❡s ❛r❡
❛✉t♦♠❛t✐❝❛❧❧② tr❡❛t❡❞ ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ❜❡tt❡r ♣❡r❢♦r♠❛♥❝❡s ❢r♦♠ t❤❡s❡ ❛❧❣♦r✐t❤♠s✳
❚❤❡r❡ ✐s ❛ ❧♦t ♦❢ ✇♦r❦ t❤❛t st✐❧❧ r❡♠❛✐♥s t♦ ❜❡ ❞♦♥❡ ✐♥ ♦r❞❡r t♦ ❛tt❛✐♥ s✉❝❤ ❛ ❣♦❛❧✳ ❋♦r t❤❡ ♠♦♠❡♥t✱
t❤❡ ✇♦r❦ ❛❝❝♦♠♣❧✐s❤❡❞ ♦✛❡rs ❛♥ ✐♥s✐❣❤t ♦♥ t❤❡ ❞✐✣❝✉❧t✐❡s t❤❛t ♦❝❝✉r ✐♥ s✉❝❤ ❛ ❞❡✈❡❧♦♣♠❡♥t✱ ♣r♦♣♦s❡s
s♦♠❡ ♣♦t❡♥t✐❛❧ s♦❧✉t✐♦♥s ❛♥❞ ❣✐✈❡s t❤❡ ❢♦r♠❛❧✐③❛t✐♦♥ ♦❢ s♦♠❡ ❜❛s✐❝ r❡s✉❧ts✳
❋♦r ❢✉t✉r❡ ✇♦r❦✱ ✐♥ t❤❡ s❤♦rt t❡r♠✱ t❤❡r❡ ❛r❡ st✐❧❧ s♦♠❡ r❡s✉❧ts t❤❛t ♥❡❡❞ t♦ ❜❡ ✈❡r✐✜❡❞ ✐♥ ♦r❞❡r t♦
❤❛✈❡ ❛ ❝♦♠♣❧❡t❡ ❢♦r♠❛❧ ♣r♦♦❢ ❢♦r t❤❡ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✳ ❚❤❡♥ ✇❡ ✇✐❧❧ ❜❡ ❛❜❧❡ t♦ ❝♦♥❝❡♥tr❛t❡ ♦♥
s♣❡❝✐❛❧ ❝❛s❡s ♦❢ t❤❡ t❤❡♦r❡♠ ✐♥ ♦r❞❡r t♦ ✐♠♣r♦✈❡ ❡✣❝✐❡♥❝② ♦❢ ❛❧❣♦r✐t❤♠s✳ ■♥ ❛♥ ❡✈❡♥ ❧♦♥❣❡r t❡r♠✱ ✇❡
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